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Abstract—The population Monte Carlo (PMC) algorithm is
a powerful adaptive importance sampling (AIS) methodology
used for estimating expected values of random quantities w.r.t.
some target probability distribution. At each iteration, a Markov
transition kernel is used to propagate a set of particles. Impor-
tance weights of the particles are computed and then used to
resample the particles that are most representative of the target
distribution. At the end of the algorithm, the set of all particles
and weights can be used to perform estimation. The resampling
step is an adaptive mechanism of the PMC algorithm that allows
for particles to locate the most significant regions of the sampling
space. In this paper, we generalize the adaptation procedure of
PMC sampling by providing a perspective based on stochastic
optimization rather than resampling. The proposed method is
more flexible than standard PMC as it allows the parameter
adaptation to be resolved using any stochastic optimization
method. We show that under certain conditions, the standard
PMC algorithm is a special case of the proposed approach.

I. INTRODUCTION

Monte Carlo (MC) methods are computational schemes that
use random sampling to approximate intractable integrals [1].
While these methods can be used in a variety of settings,
they are mostly employed as tools in Bayesian statistical
inference, where the goal is to approximate expectations of
functions w.r.t. the posterior probability distribution of some
unknown parameter in a probabilistic model (also called rarget
distribution) [2], [3]. Markov chain Monte Carlo (MCMC)
sampling schemes are arguably the most popular and well-
studied MC methods for Bayesian posterior inference [4], [5],
[6]. MCMC generates samples from the target distribution
by iteratively constructing a Markov chain whose stationary
distribution is the target [7].

Importance sampling (IS) is an alternative MC method
that can be used to approximate posterior expectations [1].
It generates samples from a different distribution, called
the proposal distribution, and then weighs those samples
according to the ratio of the target and the proposal. The
set of weighted samples are used to approximate the desired
posterior expectations. Unfortunately, IS estimators have high
variance whenever there is large mismatch between the target
and proposal distribution [8]. This makes the choice of the
proposal distribution the key challenge for implementation
of IS methods. For this reason, there have been large efforts
devoted to the design of adaptive importance sampling (AIS)
schemes [9], which are iterative implementations of IS that
adapt the proposal distribution at each iteration.
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Population Monte Carlo (PMC) sampling is a popular AIS
method [10], where samples called particles are generated
from a set of proposal distributions and then weighted using
a weighting scheme [11]. At the end of each iteration, a new
set of particles is resampled from the discrete random measure
formed by the set of weighted particles drawn in that iteration.
These resampled particles are used to determine the parameters
of the population of proposals in the following iteration. In its
standard implementation [10], a single particle is drawn from
each proposal, and the resampled particles correspond to the
locations of the population of proposals in the next iteration.

Over the years, there have been many advances in the
theory and implementation of PMC sampling schemes. In
[12], the mixture PMC (M-PMC) was proposed, which treats
the population of proposals as a mixture whose parameters
(means, covariances, and mixing weights) are adapted in a
way to minimize Kullback-Leibler divergence. In nonlinear
PMC (N-PMC) [13], a nonlinear transformation is applied
to the weights before adaptation. The nonlinear weighting
allows for the particles to avoid the so-called path degeneracy
problem that can be caused by resampling. In [11], alternative
weighting and resampling schemes are proposed which improve
the performance of PMC for high-dimensional distributions.

In this work, we generalize the adaptation step of PMC by
using stochastic optimization, where the goal of the stochastic
optimization algorithm is to minimize some function of the
parameters of the set of proposal distributions. This is done
using stochastic gradients, which in this work are approximated
using resampled particles, unlike similar schemes proposed
in the adaptive MCMC literature [14]. We show that when
the goal is to satisfy a moment matching criteria, we obtain
an algorithm where the standard resampling scheme of PMC
sampling can be viewed as a special case.

II. PROBLEM FORMULATION

Consider an unknown vector x € R% and a set of
observations ) = {y,, € R%}N | where y,, ~ p(y|x) for
n =1,...,N. The posterior distribution of x given the set of
observations )/ can be determined by Bayes’ theorem as

pe)

()
where (()|x) £ Hfj:lp(yﬂx) is the likelihood of x, p(x)
is the prior of x, and Z £ p(Y) = [pa, {(V[x)p(x)dx is

called the evidence or normallzatzon constant. Typically, Z is
intractable and we can only evaluate the unnormalized posterior

(x) £ (Y|x)p(x).
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Our goal is to estimate expectations w.r.t. 7(x):

H2E, (h(x)] = [

Rdz

h(x)m(x)dx, 3)

where h(x) is assumed to be integrable w.r.t. m(x).

ITI. BRIEF REVIEW

AIS methods are a class of iterative MC algorithms that
can estimate integrals of the form in (3) [9]. The three basic
steps of an AIS sampler at each iteration (¢ = 1,...,]) are:
sampling, weighting, and adaptation. In the sampling step,
a set of M particles {xgm)}%zl is drawn from a proposal
q(x;0;), where 0; are the proposal parameters and i denotes
the iteration index. The particles are then weighted according
to their respective importance ratio

~(m) ﬁ(XETYL))
Wi = ) gy’
q(x; ;5 0:)
where 7(x) is evaluated according to (2). Finally, the parame-
ters of the proposal distribution are adapted using some update,

i.e., 6; — 0,.1. These steps are repeated for [ iterations. At
each iteration, we can obtain an approximation of (3) as

7 M
=30 30wl h),

T7=1m=1

“4)

(&)

(m) _ @i

where w; ' = —7 1s the weight of the mth particle
Wi

Y1 24
generated at the 7th iteration normalized over all iterations.
One popular AIS scheme is PMC. At each iteration of PMC,
R particles are drawn from L proposal distributions for a
total of M = LR particles. In the standard implementation,
a single particle (R = 1) is drawn from each of the L = M
proposals. The parameters of the proposal are adapted using a
resampling scheme. Typically, each proposal is parameterized
by a mean vector uEm and covariance matrix Egm), where
only the mean parameter is adapted [10]. The standard PMC

algorithm is summarized in Algorithm 1.

IV. PROPOSED METHOD

We generalize the adaptive mechanism of PMC by consider-
ing the update to be an instance of stochastic gradient descent
(SGD). We begin by deriving the SGD update for minimizing
the expected value of some function f w.r.t. the parameters of
the proposal distribution. We show that for a certain choice of
f, we can obtain an adaptation procedure for PMC where the
standard resampling technique can be viewed as a special case.
This novel stochastic optimization framework of PMC allows
for the design of a wider class of adaptation procedures, where
parameters beyond just the mean can be adapted. We also
discuss how the algorithm can benefit from using alternative
stochastic optimization methods, such as implicit SGD [15].

A. Stochastic Gradient Population Monte Carlo (SG-PMC)

Consider a proposal distribution ¢(x;8), where 8 € ©
denotes the proposal parameters. We are interested in solving
optimization problems of the general form:

0" = argmin C[(6), (6)
6cO

Algorithm 1 Population Monte Carlo (PMC)

1: Initialization: Set the initial means u(1>, ceey ,ugM)

the covariance matrices zﬁ”,. EgM .
2. fori=1,...,1 do
3:  Sampling: Draw a particle from each proposal

. Set

cey

x"™ ~ (™, 2M), m=1,... M.
4:  Weighting: Compute the importance weights

7(x,")

g™ ™ 2y

and normalize them as
~(m)

w(m) o wy

j=1 "1

. (m) _

w; m=1,...,M,

m=1,..., M.
5:  Adaptation: Draw M indices from the multinomial
distribution

8, ~ Multi (M, {w§”}§.‘il> C om=1,..., M.

Set %™ = x{*")_ and adapt parameters as

“’EJTl) _ 5{5771); 25111) _ E,Sm), m=1,...

6: end for
7. Output: Return X; = {x\™ @™ }M_ fori=1,...,I.

where C(0) £ E, [f(x,0)] and f : R% x © — R is a
function of both the unknown x and the proposal parameters
6. Under the assumption that f is differentiable w.r.t. 6, the
gradient of C';(0) is simply

VGOf(O) =E, [ng(x, 9)} y @)

since the expectation is taken w.r.t. a distribution that does
not depend on 6. For the majority of scenarios, (7) is an
intractable integral and cannot be obtained in closed form.
One can use MC methods to obtain a noisy approximation
of (7) and then employ stochastic optimization schemes to
solve the minimization problem. This noisy approximation to
the gradient, which we denote by g f(B), is called a stochastic
gradient and can be computed as

K
1
95(0) = K Z Vo f(x, 0)|x:z(k)7 (®)
k=1
where {z(1), ... z5)} is a mini-batch of K samples drawn

from m(x). Given these stochastic gradients, we can use SGD
[16] to solve (6). The update rule at the ¢th iteration of the
projected SGD algorithm is given by

011 =1le (0; — gy (8)), 9

where IIg(-) is the projection onto the set © that guarantees
the feasibility of 6,1 and 7; is the learning rate at the ith
iteration. If f is convex in @ and the sequence of learning rates
M1,7M2, ... satisfies the Robbins-Monro stochastic approxima-
tion conditions [16], i.e., Yoo, 7; = oo and > ;0 n? < oo,
then we have the following convergence guarantee [17]:

Er [C¢(0ix1) —Cp(07)] =0 as i—o00. (10)

Unfortunately, we cannot easily draw particles from the target
m(x) to compute stochastic gradients. One possible solution
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is to obtain the stochastic gradients using self-normalized IS.
Here we instead propose to use resampled particles to estimate
the gradients. In the ith iteration of PMC, a set of resampled
particles {i§m>}%:1 are used to adapt the mean parameter of
each proposal. These particles are sampled from a distribution
7;(x) which can be written as

M
i (x) = Z wgm)5(x — Xgm)), (11)
m=1

where §(x — xgm)) denotes a Dirac delta function centered
at xgm). Suppose now that z(!), ... z25) are drawn from an
approximation of 7(x) as they are in PMC sampling. We
can replace (8) with an alternative gradient estimator that is

constructed using these particles

LXK
gr(0) = e Z Vo f(x, a)lx:gm ~ gr(0). (12)
k=1

The justification for using resampled particles is motivated
by [18]. The idea is that the cumulative distribution function
(CDF) of the resampled particles, denoted E; (x), asymptotically
approaches the CDF of the target distribution F'(x) as M — oc.
For instance, when d, = 1, it is easy to see that:

Fy(a) = Ex, [1(x < )

1M (m) g (m)
_ M Zm:l ij ]1()?:71) < a‘) N F(a)

This implies that for large sample sizes M, drawing particles
from 7;(x) is equivalent to drawing particles from m(x) and
the stochastic gradient approximation in (12) is justified.

Applying this framework to PMC, the idea now becomes to
use these alternative gradient estimators to adapt the proposal
parameters in order to minimize the function C'y(0). Therefore,
we propose to replace the resampling step at the th iteration
of PMC with a single step of the projected SGD algorithm:

611 =T (6™ —n(™g;(6™)), m=1,...,M, (13)
where nim) denotes the learning rate of the mth proposal’s
parameters. Given the update in (13), we obtain what we call
the SG-PMC algorithm, which adapts the parameters of each
proposal distribution by explicitly solving the minimization
problem in (6). We remark that each proposal is optimizing the
same objective, and in the case that f is convex, the adapted
parameters should approach the same global optimum. The
exact convergence guarantees of the proposal parameters need
further investigation, since the gradients are estimated using
resampled particles rather than unbiased MC estimators.

B. Minimum Mean Square Error Criteria

Under the assumption that each proposal is parameterized
by a mean and covariance (as they are in Algorithm 1), we
can use the SG-PMC formulation to derive novel adaptation
procedures for each of these parameters. Here we focus only on
the mean parameter, however, we emphasize that the procedure
can easily be extended to adapt covariance matrices.

Consider a proposal ¢(x;u,X), where p denotes the
proposal mean and ¥ the covariance. Also, consider the

following minimization problem:

p* = argmin Cvvse (1), (14)

pER
where Cyvivse(p) 2 Er [3(x — p) T (x — p)]. The solution
p* minimizes the mean-square error (MSE) and is known to
be the target mean pr £ [p., x7(x)dx.

Following the SG-PMC strategy, we can solve (14) by
differentiating the objective Cyimsg () w.rt. g and obtaining
stochastic gradients using resampled particles. The gradient of
Cyvvse(p) is simply

VuCumse () = Ex [(1—x)].

At each iteration of PMC, we can approximate the gradient
in (15) using a single resampled particle. In this case, the
corresponding SG-PMC update rule for the mth proposal at
the +th iteration is

i) = u™ =™ (™ - %

= (1= ™)™ ™,

%

15)

(16)

Inthecaseofngm) =1for:=1,...,Tandform=1,..., M,
the update rule corresponds to standard PMC (Algorithm 1).
We remark that the update rule in (16) does not include a
projection, since um is guaranteed to be in R%.

C. Minimum Kullback-Leibler Divergence Criteria

Another objective function we can consider minimizing is
the Kullback-Leibler divergence (KLD) between the target and
the proposal. Then, the SG-PMC scheme aims at solving the
following optimization problem for each of the proposals:

0" = arg min Ck1,p(0), (17)
0coO

where Ck1p(0) £ E, [log7(x)] — E, [log ¢(x; 0)]. We can

express the gradient of Cky,p (@) as follows:

VoCxkip(0) = —E, [V logq(x;8)]. (18)

In the case that g(x; @) is chosen to be a Gaussian distribution,
the gradient of log ¢(x; @) w.r.t. the mean p is determined by

V,logg(x;0) =X (x — p). (19)

This leads to the following update rule for an SG-PMC
algorithm that minimizes KLD:

it = Ly, — 0™ AT )™ 4 AR (20)
where A(™) = (E(m))_l is the precision matrix of the
proposal. Note that we drop the iteration index for X()
since it is not adapted with this rule. Also, remark that when
»(m) — I, , the rule (20) is the same as the rule in (16).

D. Alternative Optimizers in SG-PMC

The problem with using projected SGD is that the stability
of the method heavily depends on the learning rates [19]. One
way to overcome this challenge is to use implicit updates,
which can be obtained by solving the following equation:

0,11 =0;— 77i§f(9i+1)~ 2D
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The idea is to analytically solve for 8,1 and establish that
solution as the update rule. For simple cost functions like
Caivse (™), this can easily be done:

) = ) () 07

(m) (m

- l%‘+1) + Uz(m)i(m)-

i
We can solve the above equation for NETE and derive a stable

adaptation procedure for SG-PMC algorithm given by
i = Q™) 7 ™ R,

Regardless the value of ngm), this update rule will be numeri-
cally stable. We remark that using an implicit update for this
cost function achieves the same effect as using the update rule
in (16) with constrained learning rates nz(m) € [0,1) for all m.

Using the same procedure, we can also obtain an implicit

update rule for the choice of the cost function Ckyp (u(m)):

(22)

) = (10, + nf,m)A“”))_l (k™ + (™A™ (23)

Note that in SG-PMC it is possible use alternative optimizers
that incorporate adaptive learning rates, such as RMSprop
or ADAM [20], in order to resolve the parameter updates.
These adaptive algorithms are more robust when the stochastic
gradients have high variance.

V. EXAMPLE: TARGET LOCALIZATION
Consider the problem of localizing a target in a wireless
sensor network (WSN) [9]. Let py € R? be the target position
and let there be V sensors with positions h, € R? for v =
1,...,V. The nth observation of the vth sensor is modeled as:

Yn,w = 201Og (HPO - hv”Q) + €n,v, (24)

where €, , ~ N(0,a?2). The unknowns of this model are the
position of the target po and the noise standard deviations of
the V sensors & = [y, ..., ay] . For consistent notation, we
define x £ [pJ,a']T € RV*2 Our goal is to approximate
the posterior of x given the observations from all sensors.
We assume a uniform prior for both the target position and
the sensor standard deviations, i.e., pg ~ U([—30,30]?) and
a, ~U(0.01,20) forall v =1,...,V.

We consider that there are V' = 6 sensors (d, = 8) and
generate N = 20 observations for each sensor according to the
following settings: pg = [2.5,2.5]T, a = [1,2,1,0.5,3,0.2] T,
h; = [3,-8]", hy = [8,10]T, hy = [-4,-6]", hy =
[-8,1]T, hy = [10,0]T, and hg = [0,10] ". We run SG-PMC
using M = 50 Gaussian proposals that are adapted using
(16) over I = 200 iterations, where we sampled a logarithm
transformation of the standard deviations o to guarantee that
the considered samples for the standard deviations were positive.
We also consider proposals adapted using the RMSprop
algorithm, although other stochastic optimization algorithms
which utilize adaptive learning rates could have been considered.
We initialized the learning rates as ngm) = 11, the proposal
means as ugm) ~ U([1,4]%) and the covariance matrices as
2(1m) =g forallm =1,..., M. We evaluate the performance
of a particular run of SG-PMC at the :th iteration by calculating

—&—1,=0.9
—p— 7]1=0.8
- —n1=0.7
—-+-—7]1:0A6
7]1=0.5
—o—1,=04
'\. —E—n1:0.3
b & —->——T]1=0.2
n1=0.1

o
=)

Average MSE

s
e
o2
el
bl

lteration

Fig. 1: Average MSE of parameter estimates for SG-PMC
using the update rule in (16) with a constant learning rate.

o
°

Average MSE

lteration

Fig. 2: Average MSE of parameter estimates for SG-PMC
using the RMSprop optimizer.

the MSE of the estimate of x. The results are averaged of
2000 MC simulations and summarized in Figs. 1 and 2.
Simulation results indicate that for different learning rates,
the proposed SG-PMC algorithm outperforms the standard
PMC sampler. The standard PMC sampler corresponds to the
blue curve in Fig. 1. We can see that when smaller learning
rates are used, the SG-PMC algorithm is able to achieve better
performance at a faster rate. Furthermore, Fig. 2 indicates that
by using adaptive optimizers like RMSprop, we can obtain
good performance across a wider range of initial learning rates.

VI. CONCLUDING REMARKS

In this work, we developed a novel adaptation scheme
for population Monte Carlo (PMC) based on stochastic opti-
mization. Using resampled particles to approximate stochastic
gradients, a general family of PMC algorithms based on
minimizing favorable objective functions is derived. The
proposed approach encompasses a family of PMC algorithms,
where standard PMC is a special case. Simulation results
on a localization problem demonstrate the advantages of the
proposed stochastic optimization framework over the traditional
resampling-based approach.
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