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ABSTRACT

The population Monte Carlo (PMC) algorithm is a popular adaptive
importance sampling (AIS) method used for approximate computa-
tion of intractable integrals. Over the years, many advances have
been made in the theory and implementation of PMC schemes. The
mixture PMC (M-PMC) algorithm, for instance, optimizes the pa-
rameters of a mixture proposal distribution in a way that minimizes
that Kullback-Leibler divergence to the target distribution. The pa-
rameters in M-PMC are updated using a single step of expectation
maximization (EM), which limits its accuracy. In this work, we intro-
duce a novel M-PMC algorithm that optimizes the parameters of a
mixture proposal distribution, where parameter updates are resolved
via stochastic optimization instead of EM. The stochastic gradients
w.r.t. each of the mixture parameters are approximated using a pop-
ulation of Markov chain Monte Carlo samplers. We validate the
proposed scheme via numerical simulations on an example where the
considered target distribution is multimodal.

Index Terms— population Monte Carlo, Bayesian inference,
stochastic optimization, MCMC sampling, Rényi divergence

1. INTRODUCTION

For the past several decades, Monte Carlo (MC) methods have
been the key tools for approximate Bayesian inference [1, 2, 3].
In Bayesian signal processing, the goal is to perform numerical
integration, where the integrals of interest are expectations with
respect to the posterior probability distribution of the set of unknowns
in a probabilistic model (also called the farget distribution) . Since
the inception of the Markov chain Monte Carlo (MCMC) sampling
algorithm [4], the main focus of the Bayesian community has been on
the design of efficient and robust MC schemes for high-dimensional
posterior inference [5, 6, 7]. Over the years, research efforts have
resulted into a variety of adaptive and advanced MCMC sampling
algorithms [8, 9], including the Hamiltonian MC (HMC) approach
[10, 11]. The most appealing characteristic of MCMC sampling
methods is that their estimates are guaranteed to converge to the true
value as the number of iterations tends to infinity [12].

Another class of MC methods employed for Bayesian inference is
adaptive importance sampling (AIS) [13]. Unlike MCMC sampling
methods which approximate the posterior by constructing a Markov
chain, AIS methods approximate the posterior using a set of weighted
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samples drawn from an alternative distribution called the proposal
distribution. The weights are computed according to the ratio of
the target and the proposal, and they allow for obtaining consistent
estimates of desired integrals. At each iteration of an AIS scheme,
the proposal is adapted in order to improve the sampling efficiency
of the algorithm. In the ideal scenario, the adapted proposal should
be as close as possible to the target, which would maximize the
performance of the algorithm. While many AIS schemes have been
proposed in the literature [14, 15, 16, 17, 18], there is still a need for
the development of AIS algorithms that efficiently adapt complex
proposals, such as mixture proposals.

This work proposes a novel AIS methodology that incorporates
ideas from stochastic optimization and MCMC sampling. The pro-
posed method provides a mechanism for fully adapting a mixture
proposal distribution in a way that minimizes the Rényi divergence
to the target. The proposal updates are resolved using a stochastic
gradient step, where stochastic gradients are estimated from samples
obtained from a set of MCMC chains. The MCMC chains are run
in parallel and guarantee that each mxiand is well-represented in the
computation of the stochastic gradients. The proposed scheme can be
viewed as a more general implementation of the parallel interacting
Markov AIS (PIMAIS) scheme proposed in [19] and the mixture
population MC (MPMC) scheme proposed in [15].

2. PROBLEM FORMULATION

Consider an unknown vector x € R%=. Suppose that we observe data
Y 2 {y, € RW}, such thaty,, ~ p(y|x) forn =1,...,N
are conditionally independent and identically distributed. We are
interested in the Bayesian estimation of the unknown x. This amounts
to obtaining the posterior distribution of x given the data )/, which is
expressed using Bayes’ theorem as follows:

0Y|%)p(x)
S €Y[x)p(x)dx’

where £(Y|x) = [10_, p(yn|x) is the likelihood of x, p(x) is the
prior of x, and Z £ Jga. £(Y|x)p(x)dx is a normalization constant
commonly referred to as the marginal likelihood. Typically, Z is
intractable and thus, one only has access to the non-normalized pos-
terior, which is defined as the product of the likelihood and the prior,
ie., 7(x) £ £(Y|x)p(x). Ultimately, the goal is to approximate
posterior expectations, which in general take the following form:

m(x) £ p(x|Y) = (1

H= h(x)m(x)dx, ?2)

Rdz

where h(x) is a function assumed to be integrable w.r.t. m(x).
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3. PRELIMINARIES

3.1. MCMC Sampling

In MCMC sampling, the integral in (2) is estimated using a MC
approximation, where the samples employed in the MC approxima-
tion are obtained by constructing a Markov chain whose stationary
distribution is the target posterior. The most fundamental MCMC
sampling method is the Metropolis-Hastings (MH) algorithm [5].
At each iteration of the MH algorithm, a sample x* is proposed by
propagating the previous state x;_1 using a Markov transition kernel
r(x*|x;—1). The proposed sample is accepted as the next state in the
Markov chain x; with probability

o= min (1, O C0abD

W(Xifl)T(X* ‘Xifl)

©))

If the proposed sample is not accepted, the updated state takes the
value of the previous state, i.e. X; = x;_1. States in the constructed
chain X = {x,}I_ Io+1 are taken as samples from the target poste-
rior, where [y is called the burn-in period and [ is the total number
of iterations.

The performance of an MH sampler depends on the choice of
the Markov transition kernel. Adaptive MH algorithms have been
proposed as a means to learn the transition kernel that optimizes
the efficiency of the algorithm. For example, elements of stochastic
optimization have been employed in the adaptive MCMC literature,
where the optimal transition kernel is obtained using the Robbins-
Monro stochastic approximation algorithm [20].

3.2. Adaptive Importance Sampling

IS methods estimate (2) using a batch of M samples {x<m) M

drawn from an alternative distribution g(x; @) called the proposal,
where 6 denotes the proposal parameters. The drawn samples are
weighted according to the ratio of the target and proposal, i.e.,

~(m) __ ﬁ(X(M))

= =1,...,M. 4

The integral in (2) is approximated using the self-normalized IS
estimator, which is given by:

M
His =y @™ hx"), )
m=1

where w(™ = ™)/ Z?il @Y is the normalized weight of the
mth sample. It is well-known that (5) is a consistent estimator of
(2). The performance of IS depends largely on the choice of the
proposal q(x; 0). For instance, if the goal is to estimate the normal-
ization constant Z, the proposal should be chosen in a way such that
q(x;0) x 7(x). Unfortunately, this is difficult to achieve in practice,
especially when the dimension of the unknown vector x is large.

AIS methods are a family of IS algorithms that iteratively adapt
the parameters of the proposal in order to obtain improved estimates
of the target expectations. Many variants of AIS have been proposed
in the literature. For example, one variant of AIS embeds MCMC
sampling to adapt the location parameters of the proposal. There are
also other AIS methods which adapt the proposal parameters using
stochastic optimization, where stochastic gradients approximated
using samples drawn from the proposal are used to adapt the proposal
parameters [21, 22, 23, 24].

4. PROPOSED METHOD

In this section, we introduce a novel M-PMC sampler, called con-
trolled mixture population Monte Carlo (CMPMC), that uses stochas-
tic optimization to adapt the parameters of a mixture proposal. The
stochastic gradients w.r.t. the proposal parameters are approximated
using samples generated viaa MCMC sampling method and then used
in an instance of an off-the-shelf stochastic optimization algorithm to
adapt the parameters of the proposal.

4.1. Rényi Divergence Minimization

The goal in AIS methods is to adapt the proposal distribution so that
it is as close as possible to the target. In other words, we would
like to determine the proposal parameters that solve the following
minimization problem:

0" = argmin D, (7]|qe) , (©)
6co

where © denotes the feasibility set of @ and D, (||ge) denotes the
Rényi divergence of order av whose expression is given by:

L log </°° w(x)“q(x;ef“’dx), )

Do (lla0) = ——
—o0

where 0 < a < oo and o # 1. We remark that limlDa(qug) =
a—

Dk (7||ge), where Dk (7||ge) is the Kullback-Leibler divergence
(KLD) between 7(x) and g(x;0). When « > 1, minimizing (7)
is equivalent to minimizing C(8) £ Z® exp ((a — 1)Da (7||ge)),
since Z > 0 and for o > 1, f(z) = exp((ax — 1)z) is a monoton-
ically increasing function in z € R [22]. Taking this into account,
we would like to compute the gradient of C(8) so that we can use
a stochastic optimization algorithm to obtain the optimal proposal
parameters as defined by (6). It is not difficult to see that C'»(6) can
be expressed as the following:

co-sl(@) ] e

Given this expression for C,, (0), we can now compute the gradient

as follows:
() )] o

We obtain a final expression for the gradient of C(0) w.r.t. 0 as:

VoCo(8) = (1— a)Ex <q7(f)£><;)) ) V;(q}f;xéf)] (10)

VeCo(0) =Ex

4.2. Solving the Minimization Problem

In this work, we are interested in optimizing a proposal distribution
that is a mixture distribution, which has the following form:

D
4(x;0) =Y _ paqa(x; 0a), (11
d=1

where pg and 8, € O4 denote the weight and parameters of the
dth mixand q4(x; 6q) and D is the total number of mixands. The
mixand weights satisfy p = [p1,...,pp] € S, where S de-
notes the probability simplex. We are interested in computing the

5476

Authorized licensed use limited to: SUNY AT STONY BROOK. Downloaded on May 18,2024 at 22:47:41 UTC from |IEEE Xplore. Restrictions apply.



gradients of q(x; @) w.r.t. each of the proposal parameters 8 =
lp1,...,pD,07,...,05]T. We can compute the derivative of (11)
w.r.t. p; easily since the distribution is linear in the mixand weights,
ie.,

Vp,;a(x;0) = q;(x; ;). (12)

Iz, ... 25 represent a mini-batch of K samples from the target
7(x), we can obtain a stochastic approximation to V,,; Cq (0) using
the following MC estimator:

S < fr(z“@)))“ 0;(z"); ;)
“\q

11—«
9(pj) = %

(26 a0 Y

To obtain the gradient w.r.t. 8;, we can utilize the log-derivative to
simplify the computation:
Vo,q(x;0) = p;Ve,q;(x; 6;)
= p;45(x;0;)Ve, log ;(x; ;).

This yields the following MC estimator of the gradient:

—a 2™y VL 520,

9(6;) = 2570 S (2850 ) L2, 6;), (14)
where u;(z",0;) = Vo, log q;(x; Bj)‘x:z(k). We adopt ideas
from the adaptive MCMC literature [20] and use an MCMC method
targeting 7 (x) to obtain the mini-batch of samples necessary for the
stochastic gradient computation in (13) and (14).

4.3. Controlled Mixture Population Monte Carlo (CMPMC)

The proposed CMPMC algorithm applies the ideas developed in Sec-
tion 4.2 to adapt the parameters of a mixture proposal in AIS. The
sampling and weighting steps of the proposed method are exactly
the same as M-PMC sampling, however, the adaptation step is exe-
cuted via the use of D MCMC chains that are run in parallel. The
MCMC chains are used to compute stochastic gradients w.r.t. each
of the mixtures parameters and an off-the-shelf stochastic optimiza-
tion algorithm is applied to resolve the adaptation. One possible
implementation of CMPMC is shown in Algorithm 1.

At the ith iteration of the CMPMC algorithm, M samples
are drawn from the proposal ¢(x;0;) = Zle 0d,iqd(x;604,;).
After weighting, we proceed to computing the stochastic gra-
dient w.r.t. to the mixture weights and the mixand parameters:
9(pi) = [9(p1.i); -+, 9(pp,i)] T+ 9(61,), ..., g(Bp.:). For the dth
mixand, a Markov chain Z4; = {zfikl) }5:1 is constructed using an

MCMC sampler targeting 7(x) with initial state z((fg. The samples
that comprise this Markov chain are taken as samples from 7(x) and
are used to compute g(paq,;) and g(0q,;) via (13) and (14), respec-
tively. The mixand parameters 64 ; can be updated via an instance of
an algorithm like projected stochastic gradient descent (PSGD), i.e.,

0411 =1lo, (04 —v4,9(04:)), d=1,...,D, (15)

where ITe () denotes the projection onto the feasible set ©4 and
va,; denotes the learning rate dth mixand’s parameters at the ¢th
iteration. The corresponding PSGD update for mixture weights p; =
[P1i,...,pp] " is as follows:

pi+1 = Is (pi — nig(pi)), (16)

where I1s(-) denotes the projection onto the probability simplex and
71; denotes the mixture weights’ learning rate at the ¢th iteration.

Algorithm 1 Controlled Mixture PMC (CMPMC)

1: Initialization: Set pa,1, 041,24 ) ford=1,..., D.
2: fori=1,...,1do
3:  Draw M samples from the current proposal

D
X,Em> ~ ZPd,iQd(x; 0a), m=1,...,M.

d=1

4:  Compute the importance weights
(x,")

Y paida(x™; 04,)

5: ford=1,...,D doin parallel

w™ =

m=1,..., M.

1. Construct Z4,; = {zfi]fi)}le using an MCMC sampler
targeting 7 (x), with initial state szg . Set szg = z((i};).

2. Compute the stochastic gradients g(pq,;) and g(04,;) using
Zg4,; as approximate samples from the target.

3. Update the mixand parameter vector

04,i+1 =1le, (Oai — V4,i9(04,)) -

6: end for
7. Update the mixture weights

pi+1 =Tls (pi — nig(pi)) -

8: end for
9: Output: Return X; = {xgm)7 wﬁm)}ﬁ{:l fori=1,...,1.

Any MCMC technique can be employed for the adaptation pro-
cedure in the proposed scheme. Here, we apply a simple Metropolis-
Hastings sampler to construct the chains, where the transition ker-
nel is chosen to be an isotropic Gaussian, i.e., r(z*|z4,—1) =
N(2};2a,i-1,C1a,). For robustness to strongly autocorrelated
Markov chains, we apply a thinning procedure, where only every
&th sample in the chain is used in the computation of the stochastic
gradients. We also remark that the Markov chains can be warm-
started before running CMPMC in order to obtain more accurate
stochastic gradients in the earlier iterations of the algorithm.

Remark on computational complexity: Since MCMC methods are
naturally sequential schemes, the main burden of the adaptation step
in CMPMC is the generation of the Markov chains Z1 ;,...,2Zp;
at each iteration. To lessen this burden, we remark that one can
straightforwardly modify the CMPMC algorithm to allow for different
mixands to share the same Markov chain.

4.3.1. Mixture of Multivariate Gaussians

Suppose that the mixture we want to optimize has the form
q(x;0;) = ZdD:l paN (X; pa i, Aa,i), where pg; and Ag; are
the mean and precision matrix of the dth Gaussian mixand respec-
tively. Given this choice of proposal, we can easily determine the
gradients Vl—bj,'i IOgN(X; i, Ajﬂ') and VAj,,i IOgN(X; i, Ajﬂ')
that are necessary for the computation of the parameter updates:

Vs 1og N (%5 g0, Mji)= Aji(x — i),

_ 17)
Vs log N (% g Agi) = 5 (A5 — (x = ) (x — i) ).

5477

Authorized licensed use limited to: SUNY AT STONY BROOK. Downloaded on May 18,2024 at 22:47:41 UTC from |IEEE Xplore. Restrictions apply.



102
—O—K=1, ¢=1
—B—K=3, ¢=1
. K=5, e=1
- % —K5,¢=2
g === K=7, £=1
K=7, £=2
LCIIJ) —-B-=K=9, £&=1
2 — & —K=9,¢=2
S0 —6—K=9,¢3
o
n
O
<C
c
.©
©
L .
S 100f
2
100 200 300 400 500

lteration

Fig. 1: Performance of CMPMC for various parameter settings.

Given the expressions in (17), we can compute stochastic gradients
w.r.t. the mixand parameters as according to (14) in order to adapt
the mean and precision of each mixand.

5. SIMULATIONS

We validate the proposed method on a toy example, where the goal is
to estimate the normalizing constant of a Gaussian mixture.

5.1. Approximating a Gaussian Mixture in R>

Suppose that the unnormalized target distribution has the form

N 1o

7(x) = 100 x (5 ;J\/(x; mj,cj)> , (18)
where m; = [-10,10]7, C; = [2,0.6;0.6,2], ma = [0, 16],
Cy = [2,-0.4;-0.4,2], my = [13,8], C3 = [2,0.8;0.8,2],
my — [—97 7], Cy = [3,0;0,0.5], ms — [147—14], and Cs =

[2,—0.1; —0.1,2]. Our goal in this experiment is to estimate the
normalizing constant given by (18), whose true value in this case is
Z = 100. We compare the following methods: MPMC [15], adap-
tive population importance sampling (APIS) [17], PIMAIS [18], and
CMPMC. For each algorithm, we use a mixture of D = 25 Gaussians
as proposal distributions and draw M = 200 samples per iteration
over I = 500 iterations. We remark that the APIS and PIMAIS
algorithms assume that the mixture is equally weighted and a deter-
ministic number of samples N = M/ D is drawn from each mixand.
Furthermore, these algorithms only adapt the mean of each mixand.

We initialize with pa,1 = 35, pa,1 ~ U([—20,20] x [—20, 20]),
and Ay = I> ford = 1,..., D. For the PIMAIS and CMPMC
algorithms, we employ the MH algorithm with an isotropic Gaussian
proposal with variance (2 = 1 to construct the Markov chains. For
the CMPMC algorithm, we adapt the mean and precision of each
component, where we use the RMSprop optimizer [25] to resolve
the stochastic gradient updates w.r.t. C2(0). We evaluate the per-
formance of each method by computing the absolute error of the
normalizing constant estimate. The results are averaged over 500 MC
simulations.

10°f
L/ A OO OO
. —O— MPMC
o) —8— APIS
= PIMAIS (K=
L — # —PIMAIS (K=
—-+4-=PIMAIS (K=
& 1 PIMAIS (K=
S 10 —-H-— PIMAIS (K=
(@]
(2]
e}
<
c
8
e}
2 5
S 10°f

100 200 300 400 500
lteration

Fig. 2: Comparison of CMPMC to MPMC, APIS, and PIMAIS.

Figure 1 shows a comparison of the CMPMC algorithm in terms
of median absolute error for different chain lengths K and thinning
rates £. We can see that the worst performance is when K = 1, i.e.
when only a single MH step is taken at each iteration. This can be
attributed to the slower Markov chain convergence, which would
lead to less accurate stochastic gradient estimates. By increasing
the number of MH steps, the algorithm’s performance improves
substantially. We can also see that the thinning parameter £ does have
an effect on the performance of the algorithm, however, it is evident
that the chain length K plays a more substantial role in this example.

A comparison of the CMPMC algorithm with MPMC, APIS
and PIMALIS is shown in Fig. 2. We can see the MPMC algorithm
performs the worst among all methods, obtaining the largest median
absolute error. This is attributed to the MPMC algorithm consistently
missing one of the five modes of the target distribution. Although
APIS and PIMALIS perform well in this example, we can see that
the proposed CMPMC algorithm attains better performance for all
of the considered parameter settings. Since the CMPMC algorithm
is optimizing an objective that is a monotonic transformation of the
variance of an unbiased estimator of the normalizing constant, it is
natural that it outperforms APIS and PIMAIS in this example.

6. CONCLUSIONS

This work proposed a novel adaptive importance sampling (AIS)
methodology, called controlled mixture population Monte Carlo
(CMPMC) that fully adapts the parameters of a mixture proposal
distribution. In the CMPMC algorithm, the proposal parameters are
adapted using an instance of a stochastic optimization algorithm. The
novelty in the method is the way stochastic gradients are computed,
which is by using a population of MCMC chains that are iteratively
constructed throughout the algorithm. A separate MCMC chain is
constructed for each mixand in order to guarantee that each mixand is
well represented in the gradient computation. Numerical results show
that the proposed scheme outperforms other AIS methods. Interesting
prospects for future work include a reduction in the computational
complexity of the algorithm, so that it may be on the same order
of complexity as AIS methods like the original mixture population
Monte Carlo (MPMC) scheme.
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