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ABSTRACT

Regime-switching state-space models (RS-SSMs) are an important
class of statistical models that can be used to represent real-world
phenomena. Unlike regular state-space models, RS-SSMs allow for
dynamic uncertainty in the state transition and observations distri-
butions, making them much more expressive. Unfortunately, there
are no existing Bayesian inference techniques for joint estimation of
regimes, states, and model parameters in generic RS-SSMs. In this
work, we develop a particle Gibbs sampling algorithm for Bayesian
learning in RS-SSMs. We demonstrate the proposed inference ap-
proach on a synthetic data experiment related to an ecological applica-
tion, where the goal is in estimating the abundance and demographic
rates of penguins in the Antarctic.

Index Terms— particle filtering, regime-switching, state-space
models, Gibbs sampling, ecological models

1. INTRODUCTION

State-space models (SSMs) are a popular class of statistical models
that relate time-varying latent processes (called szates) to time-varying
collected measurements (called observations) [1]. Importantly, these
models appear in a plethora of application areas including signal
processing [2], neuroscience [3], finance [4], ecology [5], and epi-
demiology [6]. For example, SSMs are used in ecological applica-
tions to model the abundance (i.e., the population) of a species over
time, where the states correspond to the true abundance and the ob-
servations correspond to raw noise-corrupted counts acquired from
surveys [7, 8]. Stochastic filtering methods like Kalman filtering (KF)
[9] and particle filtering (PF) [10], [11] provide a means for estimat-
ing the latent states of an SSM under the Bayesian framework, where
the goal is in obtaining the posterior distribution of the states given
the observations. Unfortunately, standard implementations of KF
and PF cannot easily accommodate for the estimation of unknowns
beyond the latent states, such as static parameters.

Numerous approaches for joint state and static parameter infer-
ence in SSMs can be found in the literature (see [12] for a survey).
One important work is an offline estimation technique called particle
Markov chain Monte Carlo (PMCMC) sampling [13]. PMCMC is
an approximate Bayesian inference method that combines sequential
Monte Carlo (SMC) with Markov chain Monte Carlo (MCMC) sam-
pling. The simulation technique is used to generate a Markov chain
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whose stationary distribution is the targeted posterior distribution.
The corresponding samples that comprise the Markov chain are taken
as samples from the posterior distribution and allow for the computa-
tion of Bayesian estimators using a Monte Carlo average. A special
case of PMCMC is particle Gibbs sampling (PGS) [13], [14], which
generates the samples of the desired Markov chain by alternately
sampling from the complete set of conditional posterior distributions
of the unknowns in the model. To preserve the theoretical guarantees
of PMCMC, PGS samples each state trajectory using a conditional
SMC approach that conditions on the previously sampled trajectory,
but this sometimes leads to a poorly mixed Markov chain. Modifica-
tions to PGS have been proposed to improve on the efficiency of the
sampling scheme (e.g., ancestor sampling [15]).

An important extension to SSMs are regime-switching SSMs
(RS-SSMs). Under regime-switching, the transition and observation
distributions of the SSM can change from one time instant to the next,
according to the value of a discrete-valued time-varying parameter
referred to as the regime. Special cases of RS-SSMs include Marko-
vian switching systems [16], where the time evolution of the regime
follows a Markov process. The well-known problem of tracking a ma-
neuvering target is an example of a Markovian switching system [17],
where the dynamics of the target can change according to the state of
its trajectory. Specialized stochastic filtering methods like the inter-
acting multiple models filter [18] (and its PF counterpart [19]) have
been proposed to deal with Markovian switching systems. In general,
however, the evolution of the regime need not be Markovian. In [20],
a PF algorithm that allowed for joint state and regime estimation in
general RS-SSMs was proposed. Unfortunately, no methodology
exists for the joint Bayesian estimation of regimes, states, and static
parameter estimation for RS-SSMs.

In this work, we propose a novel PGS algorithm that allows for
joint estimation in general RS-SSMs. To accommodate for changing
regimes, we develop a novel PF algorithm to jointly sample state
and regime trajectories, unlike classical PGS approaches, which only
allow for sampling state trajectories and assume only a single regime.
The proposed inference method is validated on synthetic data for
an ecological application. The goal is in estimating the abundance
and demographic rates of Antarctic penguins, where the population
dynamics are modeled via an RS-SSM.

2. PROBLEM FORMULATION

We consider a state-space formulation that accommodates for dynam-
ically switching regimes. Let x; € R% denote a latent state vector,
y¢ € R% denote an observation vector, and r; € {1,..., K} denote
the regime at time ¢, where K is finite and assumed to be known.
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Algorithm 1 PGS for Bayesian Learning in RS-SSMs

1: Initialization: 7(0), 0(0), xéo) r§0%
fori=1,...,1do
3:  Run Algorlthm 2 with reference trajectories x(0 T
to jointly sample xo.7 and r1.7:

{x(()l)Ta rﬁ”T} ~ p(xo:T, Tl:T|y1:T7 Y

4:  Sample the state transition/measurement parameters:

0 ~ p(6ly1.r, x(r.T1r)

5:  Sample the regime transition parameters:
(@)
vy

»

) and r(z D

(1'*1)7 0(1-,1))’

~ p(ylyrr, i)
6: end for _
. Return: {x\)., 7). 00~V

~

Consider the following set of equations:

Ty~ p(rt|7ﬂ11t—1,7)7 (1)
Xt ™~ Pry (xf‘xf—17a7’t)7 2
vt ~ pro (Yelxe, Bre), 3)

fort =1,...,T, where p(r1|ri.0,7) = p(r1]7y) and xo ~ p(xo).
The expression in (1) is called the regime transition equation and
characterizes the regime dynamics, i.e., how the switching of regimes
is governed. The regime transition equation is assumed to be pa-
rameterized by static parameters <. The expression in (2) is called
the state transition equation and characterizes the time-evolution of
the latent state vector x; (assumed to be Markovian). Finally, the
expression in (3) is called the measurement equation and relates the
hidden states x; to the observed measurements y. It is important
to emphasize that both the transition equation and the measurement
equation depend on the regime r; and the possibly unknown param-
eters of that regime (i.e., o, and 3,,). The goal is to jointly infer
the regime trajectory r1.7 = {r1,..., 77}, the latent state trajectory
xo.7 = {Xo0, X1, ...,X7}, and all unknown static parameters, i.e., y
and @ = {au,...,ax,B,...,8x}.!

3. PARTICLE GIBBS WITH REGIME SWITCHING

In this work, a novel PGS approach is proposed for Bayesian estima-
tion of RS-SSMs as defined by (1)-(3). Similar to the standard Gibbs
sampler, the proposed simulation scheme obtains samples from the
targeted posterior by sampling from each of the conditional posteriors
in an alternating fashion. In this implementation, the state and regime
trajectories are jointly sampled using a newly proposed conditional
regime-switching particle filtering (CRSPF) method. Then, the pa-
rameters that comprise the transition and measurement equations are
sampled. Finally, the parameters of the regime transition equation
are sampled. After [ iterations of the algorithm, the first o samples
are discarded (burn-in) and the remaining samples are taken as sam-
ples from the joint posterior distribution. The proposed sampler is
summarized in Algorithm 1.

3.1. Sampling State and Regime Trajectories

Algorithm 1 requires samples from the conditional posterior of the
state and regime trajectories p(Xo.r,71:7|y1.7), where for brevity

In RS-SSMs, some of the static unknowns can be shared across regimes.
An example of such a system is considered in Section 4.

in the presentation of the PF algorithm presented here, we have
dropped the conditioning on @ and -y in the conditional posterior. For
general RS-SSMs, drawing samples directly from this distribution is
impossible and an alternative approach must be employed. Here, we
consider a regime-switching PF (RSPF) method for simulating the
desired trajectories.

A standard RSPF algorithm sequentially builds an approximation
to p(Xo.7, 1.7|y1:7) using a set of weighted particle streams. At
each time instant ¢, N regimes are sampled from a proposal distri-
bution s(7¢|r1:¢—1), which depends on the history of regimes 71:¢—1:

(n)

Ty ~s(n|r1t 1), m=1,...,N. )

After the regimes are sampled, states are sampled from another pro-
posal distribution g, (x¢|X¢—1, y+), which depends on the previous
state x;_1, the present regime 7, and possibly the observations y

(n)

x;" ~ q,(m (xex™),ye), n=1,...,N. (5)

Importance weights are computed for each of the samples in the set

{x{™ ™IV according to:
P, (el ) o (™ 1 )p (™ [ )
p(m ) Tt
Wy f: 1 n) (n), (n) (6)
Q( )(Xt ‘xt 1 Ye)s(ryri_y)
forn = 1,...,N. The weights are then normalized as w( " =

wﬁ”)/ E;.V:l ng) and the algorithm proceeds to the next time step.
In the bootstrap implementation of RSPF, a resampling step is added
and the proposals are selected as s(r¢|r1:.—1) = p(r¢|ri.t—1) and
Gre (Xe|Xt—1,yt) = p” (x¢|x¢—1), simplifying the weighting to
Iy ) =P, (y+ |xt ) for all samples. After T steps of the RSPF al-
gorlthm we obtain a discrete random measure comprised of welghted
state and regime trajectories, i.e., Xr = {{x{", r\"}, wiM N,
Finally, we can draw samples from the discrete random measure

Xr, where a particular state/regime trajectory pair {)((()J)T7 rgjj)ﬂ} is

sampled with probability w<TJ ). Unfortunately, the simulation of
state/regime trajectories cannot be done from a standard RSPF. In
the original work on PGS, in order to not impede on the theoretical
guarantees of PMCMC (i.e., the invariance of the generated Markov
chain in the PGS algorithm), a modification was needed to be made
to the sampling step. In particular, it was found that the PF used
to sample state trajectories needed to be conditioned on a reference
trajectory, where the resulting algorithm was called the conditional
PF. One of the contributions of this work is a novel CRSPF scheme
that can be integrated in the Gibbs sampler in Algorithm 1 to sample
state and regime trajectories. Unlike traditional implementations, the
new filter conditions on a reference trajectory for the states and a
reference trajectory for the regimes.

The CRSPF algorithm is similar to the standard RSPF algorithm
with the only difference being that exactly one state trajectory and
one regime trajectory are specified a priori. These specified trajecto-
ries are called reference trajectories and are denoted by X (state
reference) and ri.p (regime reference). In the CRSPF algorithm,
N — 1 of the particle streams are sampled as they normally are in the
RSPF algorithm, while the Nth particle stream follows the path of the
reference trajectories. Analogous to the work in [15], a modification
to the CRSPF algorithm can be made to improve the mixing of the
Markov chain when it is used in the PGS algorithm. At each time
instant ¢ < 7', there is an additional resampling step called ancestor
sampling, where the already generated particle streams are used to
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Algorithm 2 Bootstrap CRSPF with Ancestor Sampling

1: Input: Reference trajectories x., and 71,
2: Initialization: Draw N — 1 samples of the initial states
(n)

Xy ~p(x0), m=1,...,N—1,
and set x{"") = x. Set & = x{" forn =1,...,N — 1.
Compute the initial ancestor weights as
(n) 15 ()
wy  per (X1]%
pé") 0 Pry (xifxo ") n=1,...,N.

= _—— .
305w pog (xi xg”)
Set X(N) = x((f ) with probability péj ),

3: fort_ 1,...,7T do
4:  Sample regimes: Draw N — 1 samples of regime indexes

n ) t: 1

™~ (”)~<n> . n=1,...,N—1.
(Tt|rl:t71)7 t>1

Set 7™ =i 1t > 1, set ") = (77 ™) for all n.

5:  Sample states: Draw N — 1 samples of the states conditioned
on the drawn regimes

x{™ ~ P, (xe%™), n=1,...

and set x§N> = x;. Set x1 = (xgJ 2 1,xt
6:  Weighting: Compute the weights as

™ ), m=1,...,N,

~(n)/z

7N717

) for all n.

=P, (Yt|X1(sn

and normalize them as w ,Ej) for all n.

7. ift < T then

8: Resampling: Resample particles {x\",
pling N — 1 times with replacement from {x\™,r{™ }N_,
with probabilities equal to the weights {wt"> }n:l

M- by sam-

9: Ancestor sampling: Compute the ancestor weights using
). Set (xM), 7)) = (x| r9)) with probability pi.

10:  endif

11: end for

12: Set {x4.7, rir} = {x$), 7).} with probability w .

13: Return: {xg.7, 7.7}

assign suitable artificial histories to the reference trajectories x}.7 and
74,7 This resampling step is done to improve the sampling efficiency
of the CRSPF algorithm, so that the sampled latent state and regime
trajectories do not repeatedly collapse to the reference trajectories
x;.7 and r,.7. The ancestor weights {pi”) M, used to resample
from the past trajectories can be computed as:

oy 0Py bl )p(r i) 0
pt - N -
S P (K x )P )
forn = 1,...,N. A bootstrap implementation of the resulting

conditional regime-switching particle filter (CRSPF) with ancestor
sampling is summarized in Algorithm 2.

3.2. Sampling the Transition/Observation Parameters

Under different regimes, the variation of state transition and measure-
ment models is reflected in the parameters o, and 3,.,, respectively.
In order to sample the parameter vector @ at each iteration, we need
to derive the conditional distributions of every single one of param-

eters. Obviously, for each different SSM, a particular derivation
is necessary. Let us consider p(a, |0—a"‘t ,¥1.17,X0:T, r1:7) and
p(Br, \975” ,¥1.1, X0:T, T1:7 ). Since the transition parameters are
only related to latent states and regimes, their conditional distribu-
tions can be simplified to p(er, |—r,, Xo:7,71:7). Similarly, the
conditional distributions of observation parameters have the simpler
form p(Br,|B-r;, y1:7, X0:7, r1.7). Notice that both transition and
observation parameters might be shared across regimes in most of
regime-switching SSMs and in that case the conditional distributions
can be further simplified as p(a|xo.7) and p(B|y1.T, Xo.7). There is
also a chance that we are not able to sample parameters directly from
their conditional distributions. In this situation, one must seek a nu-
merical approximation, such as Metropolis-Hastings and importance
sampling to obtain approximate samples.

3.3. Sampling the Regime Switching Parameters

There are many different possible regime transition models. Practi-
tioners should choose the regime dynamics such that the conditional
distribution for «y can easily be derived. In our previous work [20],
we discussed three regime dynamics from simple to complex (e.g.
independent, Markovian, and PSlya urn). In this paper, we will con-
sider that the finite regimes are independent from each other. When
the number of possible regimes is K > 2, we can develop a multi-
noulli switching model to govern the regime transition and propose
the conditional posterior of regime transition parameters «. Under
multinoulli switching, the regime transition equation is a multinoulli

distribution with probability parameters v = [vy1,...,vx]|", i.e
K
p(rely) = H JER D e (1,0 K, ®)

with > 0 for all k, and Zszl v, = 1. Since the regimes at each
time instant are assumed to be independent, the joint distribution

p(rurly)is
H o ©)

where ¢, = Zthl 1(ry = k) is the total number of occurrences
of the kth regime and we define ¢ = [c1,...,ck]|". If we as-
sume a Dirichlet prior over the probability vector 4, i.e., p(vy) =
Dirichlet({o) with 50 = [50717 . ,foyK}T and 50,]9 > 0 for all k&,
then by conjugacy, the conditional posterior of -y is also Dirichlet and
is given by

p(rur|y) =

p(y|r1.:7) = Dirichlet(€) (10)

where & = &o + c. Therefore, we can straightforwardly sample the
model transition parameters under multinoulli switching.

As we can see, when K = 2, the multinoulli switching coin-
cides with the Bernoulli switching, where there are only two possi-
ble regimes, i.e., 7 € {1,2} for all . Thus, the joint distribution
p(r1.7]v) can straightforwardly be determined as

T
plrirly) = [[preby) =4 (=T, b
t=1

where ¢; = 32/, 1(r; = 1) is the total number of occurrences
of regime 1 and c2 = T — c; is the total number of occurrences
of regime 2. Suppose that a prior distribution p(y) = Beta(ao, bo)
where ag, bp > 0, by conjugate prior it turns out that the conditional
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K " o1 b2 o3 o2 x 103 02 x 103 MSE
1 (0.782,0.799)  (0.430, 0.499) - - (3.50,143)  (265,67.4) 72176
2 (0.787,0.792) (0.326,0.342) (0.518,0.536) - (0.669,1.83)  (0.644,1.97) 1513
3 (0.787,0.792) (0.227,0.342) (0.331,0.532) (0.519,0.725) (0.671,1.84) (0.548,1.92) 1487
0.79 0.33 0.52 - 0.9 0.9 -

Table 1: 95% Bayesian CIs of parameters and MSE in predictive mean of states.

posterior distribution is also a Beta distribution, i.e.,

p(7y|r1:7) = Beta(a, b), (12)

where a = ag + ¢1 and b = by + ca.

4. EXAMPLE: SWITCHING POPULATION MODEL

We validate our method with a synthetic data experiment for an
ecological application, where an RS-SSM is used to model a time
series of abundance of Antarctic penguins. Let S; ; and C ; denote
the number of stage j adult penguins and penguin chicks at year ¢,
respectively, and Sy = Z}.ng Sj.cand C; = ij_f C},: represent
the total number of adults and chicks irrespective of age. Consider
the following multinoulli switching transition process for modeling

the evolution of penguin populations over 1" years:

r+ ~ Multinoulli(v), (13)
S1,t ~ Binomial(0.5C;_1, ), (14)
Sj+ ~ Binomial(S;_1,t-1,%), j =2,...,J, (15)
S+ ~ Binomial(Sy—1¢—1 + Sy 1,1/)) 16)
Cj+ ~ Binomial(2S;,¢,¢r,), 5 =1,...,J =2,  (17)

where ¢ denotes the survival rate and ¢,, denotes the reproduc-
tive rate of regime r; (hence, we assume that the reproductive rates
switch). Importantly, penguins cannot be aged in the field and census
counts capture only the total number of adults and chicks, irrespective
of age. Errors in counting are assumed proportional to abundance
and we model the total number in each class as:

St~ N(S1,0257), (18)
Ci ~ N (Cy,02CF). (19)
The unknowns of the model are the regimes r+ € {1,...,K},
the states x; = [S1,¢,...,57¢,C1t,...,Cr—2.]", the measure-

ment/transition parameters @ = [, ¢1, ..., ¢x,02,02]T and the
regime transition probabilities v = [v1, ..., Vk]. Assuming J =5
stages, we simulate a 7" = 40 year synthetic dataset under the fol-
lowing parameter settings: K = 2 possible regimes, 1 = 0.79,
1 =0.33, 2 = 0.52, 02 = 62 = 0.0009, 71 = 0.3,and 2 = 0.7.
Under the assumption that we are unaware of the true number of possi-
ble regimes, we run our inference algorithm varying the total number
of possible regimes (K = 1, K = 2, and K = 3) for a total of
I = 50000 iterations, using a burn-in period of o = 25000, and
N = 500 particles in the CRSPF algorithm. We assume vague priors
for each parameter and preserve the identifiability of reproductive
rates by enforcing the monotonicity constraint ¢1 < ¢o < -+ < Pk.

The results of the experiment are summarized in Table 1, where
we show Bayesian credible intervals (Cls) of the posteriors of the
transition/measurement parameters and the mean squared error (MSE)
in the posterior mean of the states. We can see that when only a single
regime is used, the reproductive rate falls between the simulated

40 ﬁ

30

Samples

10

A N——

0.35 0.40 0.45 0.50 0.55

Fig. 1: Multimodality in reproductive rates for K = 3 regimes.

values of 0.33 and 0.52, and the model explains the “switching” in the
simulated time-series by an overestimation in the variance parameters
o2 and o2, but this leads to a high MSE in the state estimation. When
the correct number of regimes is assumed (K = 2), we can see that
the ClIs for all parameters contain the true values, indicating that the
inference method was successful in recovering the system parameters.
Since the jumps in the time-series are now appropriately explained
by switching in the reproductive rate parameters, there is now a much
lower MSE in the state estimation. Finally, when more than enough
regimes are assumed (K = 3), we arrive at an interesting result.
Mainly, the intermediate switching parameter ¢» is multimodal, with
modes close to the true reproductive rates of 0.33 and 0.52 (see Fig. 1).
Therefore, for switching models like this, we can use multimodality
as a diagnostic for choosing the total number of possible regimes. It
is also important to note that despite this multimodality, the MSE in
the state estimate is comparable than that of the model assuming the
correct number of possible regimes.

5. CONCLUSIONS AND FUTURE WORK

In this work, we presented a novel inference algorithm for Bayesian
learning in regime-switching state-space models (RS-SSMs). The
proposed method is a particle Gibbs sampler that employs a new
conditional regime-switching particle filtering method for jointly
sampling state and regime trajectories. The conditional posterior
distributions for the regime switching parameters are also derived in
the case of independent switching, while the derivation of all other
parameters are specific to the application of interest. The sampling
method was validated on a synthetic data experiment involving an eco-
logical application, where the goal was to estimate the abundance and
demographic rates of penguins whose dynamics were modeled with
an RS-SSM. Open questions regrading how the number of regimes
is chosen remain to be answered. Future work will consider non-
parametric extensions of the proposed algorithm, possibly based on
Dirichlet process mixture models, in which the number of regimes is
assumed unknown and therefore a part of the inference problem.
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