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Robust Frequency and Phase Estimation for
Three-Phase Power Systems Using

a Bank of Kalman Filters
Zahraa Krayem Stuart , Yousef El-Laham , and Mónica F. Bugallo , Member, IEEE

Abstract—In this paper we propose a powerful frequency, phase
angle, and amplitude estimation solution for an unbalanced three-
phase power system based on multiple model adaptive estimation.
The proposed model utilizes the existence of a conditionally linear
and Gaussian substructure in the power system states by marginal-
izing out the frequency component. This substructure can be effec-
tively tracked by a bank of Kalman filters where each filter employs
a different angular frequency value. Compared to other Bayesian
filtering schemes for estimation in three-phase power systems, the
proposed model reformulation is simpler, more robust, and more
accurate as validated with numerical simulations on synthetic data.

Index Terms—Bayesian inference, frequency estimation,
Kalman filtering, smart grids, three-phase power systems.

I. INTRODUCTION

IN the new information age, an important application area is
smart energy given its impact on generation, transmission,

distribution, and consumption of the smart grid. Whether we
are an end user, producer, or a policy maker, controlling energy
through smart devices allows for reduction of the carbon foot-
prints to our plant, rerouting of power according to demand,
enable real-time communication, and reduction of energy cost.
As more distributed renewable energy power generation systems
are integrated into the utility grid, accurate and efficient fre-
quency estimation and grid synchronization strategies become
a pressing issue for grid control.

A smart grid operates through a three-phase power system
where the three phases correspond to a positive, negative, and
neutral phase. In a balanced system, the three phases work with
equal voltage magnitudes, equally separated phase angles, and a
nominal frequency of f = 60 Hz (USA). Phasor measurement
units (PMUs) are high-speed phase sensors that are deployed
across the grid to provide interactive data and analysis of the
voltage and current signals [1]. Any deficiencies in the grid can
cause unbalances in the operation of the system. Magnitude,
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phase, and frequency steps are typical unbalances that can
lead to catastrophic failures, as exhibited recently during the
February 2021 Texas power outage [2]. When the system is
unbalanced, no obvious relationship exists between the three
phases and one must rely on estimation methods to monitor
and control the grid. Estimating the state of the grid allows
for estimation of both frequency and phase angles which are
the most critical parameters. Only if the states are accurately
estimated can balanced load/generation and grid synchroniza-
tion occur. In fact, a fundamental and challenging problem is
related to the distributed estimation of the aforementioned grid
parameters using only partial observations, which is required for
the inception of a smart utility grid [3].

A variety of approaches have been employed to solve the
frequency estimation and synchronization problems (see [4]
and [5] for a review). Historically, most of these methods rely
on signal processing techniques, variations of the zero-crossing
method, or phase-locked loop based implementations [6], [7].
These techniques do not account for noise in the power signal
while methods like discrete Fourier transform assume time
invariant signals which is not the case for utility grid signals [8],
[9]. Least squares approaches have also been proposed, but are
computationally expensive due to the need for matrix inversion
at each iteration [10]. Nonparametric methods such as strictly
linear, widely linear, and fuzzy adaptive filters have been ex-
tensively studied [5], [11], [12] and parametric approaches like
maximum likelihood have been applied as well [13], [14].

Bayesian methods that consider a state-space model (SSM)
formulation aim to estimate the posterior distribution of the grid
states. In contrast to point estimates, the posterior distribution
summarizes all information about the hidden states by means
of a probability distribution. An SSM formulation of the grid
synchronization problem was proposed in [3], allowing for the
implementation of Bayesian filtering to estimate the frequency
and the phase angle of the positive sequence. In this work, an
extended Kalman filtering (EKF) solution was used to tackle
the highly nonlinear problem by linearizing the model using a
first-order Taylor approximation and then applying traditional
Kalman filtering (KF). Despite the success of EKF in a variety
of application areas such as navigation systems [15] and freeway
traffic estimation [16], the inherently sinusoidal nature of power
signals results in suboptimal performance of any linear approx-
imations. Unscented Kalman filtering (UKF) was considered
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in [17], but is more computationally expensive. Particle filtering
(PF) was proposed in [18] as an alternative to the KF based
approaches. While PF methods have the flexibility to deal with
nonlinear and non-Gaussian SSMs, they present a computational
burden that is unrealistic in an online setting of grid estimation,
which requires state estimates to be acquired in real-time.

In this work, we propose a novel model of the three-phase
power system under voltage unbalance and frequency steps.
First, by following the assumption that the grid frequency is often
static and a deviation from its nominal value is an extreme event,
we reformulated the model state equations by marginalizing the
frequency component from the rest of the states to produce a lin-
ear SSM. This allows for simplicity in implementation through
KF that guarantees optimal estimation of the conditionally lin-
ear states. Second, to combat unbalanced grid and frequency
steps, we employed a bank of Kalman filters conditioned on
candidate frequencies to estimate the grid’s states in a manner
that is similar in spirit to multiple model adaptive estimation
(MMAE) [19]. Unlike EKF and UKF, the proposed scheme
circumvents the use of approximation methods on the highly
nonlinear three-phase power grid model and is more robust
to step changes in frequency. Moreover, the proposed method
can easily be parallelized and allows for a trade-off between
computational complexity and accuracy. Extensive simulations
show promising results of the proposed scheme when applied to
three-phase power system estimation.

II. STATE-SPACE FORMULATION

To achieve a balanced and synchronized grid, the main ob-
stacle is in accurately estimating the frequency and the positive
phase angle of a three-phase voltage input. The voltage input of
the utility grid can be modeled as follows:

va,t = Va cos(ξt+ ϕa) + εa,t,

vb,t = Vb cos(ξt+ ϕb) + εb,t,

vc,t = Vc cos(ξt+ ϕc) + εc,t,

(1)

where t denotes the time index, v denotes the observed input,
and V and ϕ denote the true amplitude and initial phase angle,
respectively. The angular frequency is given by ξ = (2πf)/fs,
where f is the nominal grid frequency and fs is the sampling
frequency. The error vector εt = [εa,t, εb,t, εc,t]

ᵀ is an additive
noise which is assumed to be zero-mean and Gaussian dis-
tributed [20].

To simplify the analysis, we employ the Clarke transforma-
tion [21] to transform the three-phase input into theαβ stationary
reference frame. The transformation from the input to the αβ
reference frame is as follows:

[vα,t, vβ,t]
ᵀ = T[va,t, vb,t, vc,t]

ᵀ, (2)

where T is the Clarke transformation matrix given by

T =
2

3

[
1 − 1

2 − 1
2

0
√
3
2 −

√
3
2

]
. (3)

The voltage signals in the αβ reference frame, vα,t and vβ,t,
can be represented as:

vα,t � Vα cos(ξt+ ϕα) + ν1,t,

vβ,t � Vβ cos(ξt+ ϕβ) + ν2,t,
(4)

Note that the noise vector [ν1,t, ν2,t]
ᵀ is also zero-mean

Gaussian distributed, since the Clarke transformation is a linear
transformation. From the transformed signals in (4), we formu-
late a grid SSM to represent all unknowns as latent states. We
define the latent states as

x1,t = Vα cos(ξt+ ϕα),

x2,t = Vα sin(ξt+ ϕα),

x3,t = Vβ cos(ξt+ ϕβ),

x4.t = Vβ sin(ξt+ ϕβ),

x5,t = ξ,

(5)

and let xt = [x1,t, x2,t, x3,t, x4,t, x5,t]
ᵀ. The state equation of

the Markovian process of the latent states can be modeled as
in [3]:

xt+1 = f(xt,ut) =

⎡
⎢⎢⎢⎢⎢⎢⎣

x1,t cos(x5,t)− x2,t sin(x5,t)

x1,t sin(x5,t) + x2,t cos(x5,t)

x3,t cos(x5,t)− x4,t sin(x5,t)

x3,t sin(x5,t) + x4,t cos(x5,t)

x5,t

⎤
⎥⎥⎥⎥⎥⎥⎦
+ ut,

(6)
where ut ∼ N (0,Q) is an additive multivariate Gaussian noise
with covariance matrixQ. The observation model can be written
as

yt = Hxt + νt, (7)

where yt = [vα,t, vβt
]ᵀ for t = 1, . . . , T and νt ∼ N (0,R) is

multivariate Gaussian noise with covariance matrix R and

H =

[
1 0 0 0 0

0 0 1 0 0

]
. (8)

Given the state and observation equations, our goal is to esti-
mate the latent states at each time instant and then to obtain the
frequency and the positive sequence phase angle. The positive
sequence phase angle is obtained by the states estimates as
derived in [3]:

θ̂p,t = arctan

(
x̂2,t − x̂3,t

x̂1,t − x̂4,t

)
, (9)

while the frequency can be estimated according to the state
estimate of the angular frequency, i.e.,

f̂t =
fsx̂5,t

2π
. (10)

III. PROPOSED SOLUTION

Our proposed solution leverages the conditionally linear sub-
structure of the grid SSM and applies an MMAE algorithm for
joint estimation of the frequency and phase in a three-phase
power system. First, we partition the state vector into condition-
ally linear states denoted by xl

t and a nonlinear state denoted by
the latent frequency variable ξ:

xt =

[
xl
t

ξ

]
, (11)

where xl
t = [x1,t, x2,t, x3,t, x4,t]

ᵀ. Our goal is to sequentially
estimate the posterior distribution of the grid states and the

Authorized licensed use limited to: SUNY AT STONY BROOK. Downloaded on May 18,2024 at 22:22:08 UTC from IEEE Xplore.  Restrictions apply. 



STUART et al.: ROBUST FREQUENCY AND PHASE ESTIMATION FOR THREE-PHASE POWER SYSTEMS USING A BANK OF KALMAN FILTERS 1237

angular frequency, i.e.,

p(xl
t, ξ|y1:t) = p(xl

t|ξ,y1:t)p(ξ|y1:t). (12)

As shown in (12) the posterior can be broken into two parts:
the marginal posterior distribution of the angular frequency
p(ξ|y1:t) and the conditional posterior distribution of the voltage
states p(xl

t|ξ,y1:t). Rather than try to obtain the true posterior
distribution over ξ, we will resort to a discrete approximation by
only considering M possible candidate values for the angular
frequency.

To initialize the algorithm, a set of M candidate values of the
angular frequency will be proposed by drawing samples from a
prior distribution:

ξ(m) ∼ p(ξ), m = 1, . . . ,M. (13)

The prior distribution should be chosen so that the drawn
samples are reasonable values for the angular frequency. For
instance, a uniform prior centered at ξ = 2πf

fs , with nominal fre-
quency f = 60 Hz, is a suitable choice. Each of these proposed
values is fed into a different Kalman filter, which updates the
estimate of linear states conditioned on the candidate angular
frequency. In other words, the mth KF algorithm is responsible
for tracking p(xl

t|ξ(m),y1:t), which assumes that the angular
frequency value is fixed to ξ(m).

After the KF step of the MMAE algorithm, we proceed
to weighting the estimates from each of the Kalman filters.
According to the theory of Bayesian model averaging, if we
assume that there are only M possible angular frequencies
{ξ(m)}Mm=1, the posterior over states through marginalization
of those frequencies is given by

p(xl
t|y1:t) =

M∑
m=1

w
(m)
t p(xl

t|ξ(m),y1:t), (14)

where the weight w
(m)
t = p(ξ(m)|y1:t). The weights can be

expressed as follows by applying Bayes’ theorem:

w
(m)
t ∝ p(y1:t|ξ(m))p(ξ(m)), (15)

where p(y1:t|ξ(m)) is the marginal likelihood of themth Kalman
filter at time t. KF provides us with a mechanism for computing
this marginal likelihood. In particular, we can establish the fol-
lowing recursive formula for computing the marginal likelihood:

p(y1:t|ξ) = p(y1:t−1|ξ)p(yt|y1:t−1, ξ)

= p(y1:t−1|ξ)
∫

p(yt|xl
t, ξ)p(x

l
t|ξ,y1:t−1)dx

l
t

= p(y1:t−1|ξ)N (yt|Hxt|t−1,St).

(16)

Using the marginal likelihood, the set of weights {w(m)
t }Mm=1

are computed according to (15). Finally, the estimate of the
linear states, their covariance matrices, and the candidate an-
gular frequency values are fused to obtain the final estimates
of xl

t, Pt, and ξ at time t, respectively as shown in step 6 of
Table I. The proposed algorithm is summarized in Table I and is
henceforth referred to as MMAE for three-phase power systems
(MMAE-TPPS). The implementation in Table I also includes
a forgetting factor parameter α, which controls the influence of
the observation history in the computation of the model weights.
Using a forgetting factor is equivalent to using a biased estimate

TABLE I
T IS TIME LENGTH AND M IS THE NUMBER OF GRID POINTS

of the marginal likelihood at time t that tempers the value the
marginal likelihood at time t− 1:

p(y1:t|ξ) ≈ p(y1:t−1|ξ)αN (yt|Hxt|t−1,St). (17)

IV. SIMULATIONS

In this section we describe the simulations carried out to
demonstrate the performance of the proposed solution in es-
timating the frequency, positive phase angle, and grid states. We
also provide a comparison to EKF and UKF, where the results
are averaged over 500 Monte Carlo simulations. The simulated
data is generated under both voltage and frequency imbalances
over a period of 1 s at the rate of fs = 500 Hz with f = 60 Hz
as a nominal frequency. The observation noise is assumed to
be R = σ2

rI2 with σ2
r = 10−5, the average value of observation

noise in PMUs [20]. Voltages are simulated with a uniform prior
centered at 110v for the voltage imbalance scenario with process
noise

Q =

[
σ2
qI4 0

0 σ2
ξ

]
, (18)

where σ2
q = 10−4, σ2

ξ = 10−12. We test the proposed solution
under a double frequency abruption introduced at 0.4 s from
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Fig. 1. Frequency tracking for two-step frequency abrutpion.

59.8 Hz to 60.2 Hz and another at 0.7 s from 60.2 Hz to
59.8 Hz. A faster emergency response due to steep frequency
changes is needed with more distributed RES integrated into the
utility grid [22], [23]. The number of grid points used in the
proposed solution is M = 100 where ξ(m) values are uniformly
sampled from [ 2π(59.5)fs , 2π(60.5)

fs ]. We remark that a ±0.4 Hz
change in nominal frequency is commonly catastrophic and
requires attention [24].

To show the effectiveness of the proposed solution in the pres-
ence of a frequency abruption, we test the MMAE-TPPS scheme
with different forgetting factors α ∈ {0, 0.25, 0.5, 0.75, 1}. As
shown in Fig. 1, MMAE-TPPS is able to track the frequency
abruption for most values α, but struggles to track the frequency
with α = 1. Recall that the forgetting factor is used to discount
the importance of the observation history and biases the marginal
likelihood estimate. It pays off to bias the marginal likelihood
estimate as shown in (17) especially in the presence of frequency
steps. The peakiness of the likelihood, σ2

r = 10−5, explains
why our method struggles with a α = 1, since old data is not
neglected. In contrast, with a smaller forgetting factor value,
newer data has more influence in the estimation results. The
estimates fluctuate more around the ground truth, but are more
robust to instantaneous frequency changes.

To evaluate the performance of our proposed solution as
compared to EKF and UKF, we select a forgetting factor of
α = 0.75, where there is a good trade-off between the robustness
to frequency changes and the accuracy in the estimation. The rate
of convergence and tractability of the estimates are very critical
in three-phase voltage power systems. The superior performance
of the proposed solution over EKF and UKF can clearly be
observed from the curves presented in Fig. 1. This shows that
the MMAE-TPPS is more robust and produces a more accurate
estimation under an unbalanced power grid.

The number of grid points M can be chosen to balance
a trade-off between computational complexity and accuracy
in the estimations. To account for the possibility of a big-
ger frequency abruptions, a wider frequency range is con-
sidered when defining the uniform prior over ξ. Figure 2
shows the performance comparison of different frequency pri-
ors f ± {0.2, 0.5, 1, 3, 5, 7.5, 10}Hz with different grid points

Fig. 2. Grid point performance comparison.

TABLE II
AVERAGE MAE OVER 500 SIMULATIONS

M ∈ {50, 100, 200, 500, 1000}. As expected, the results indi-
cate the need for larger grid point M for wider frequency range
and abruption to maintain a good accuracy in estimation. The
computational complexity of a single KF is similar to that of the
EKF, while UKF requires an order of magnitude higher effort
[25], [26]. We note that the computational complexity of the
proposed solution can be reduced by leveraging distributed com-
puting resources, since the algorithm can easily be parallelized
into M Kalman filters.

We summarize the mean absolute error (MAE) as a perfor-
mance metric in Table II. MAE is used because it is more robust
to outliers and sudden abruption. MMAE-TPPS with forgetting
factor of α ∈ {0.25, 0.5, 0.75} produces similar results in terms
of MAE. We can see that the MMAE-TPPS has a lower average
MAE at α < 1 than both EKF and UKF for frequency, positive
phase angle, and linear states estimation and is less sensitive to
initialization.

V. CONCLUSIONS

In this work, we proposed a novel model reformulation for
estimation in three-phase voltage power system applications. By
utilizing the conditionally linear SSM, we were able to optimally
estimate the states of the system by using a bank of parallel
Kalman filters based on MMAE. In case of different unbalances,
one might need a different model formulation that does not
utilize the conditionally linear and Gaussian substructure of the
states. Simulation results indicated that the proposed solution
outperforms other Bayesian filtering schemes under power sys-
tem imbalances.
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