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Abstract—In this paper, we propose a novel adaptive impor-
tance sampling (AIS) algorithm for probabilistic inference. The
sampler learns a proposal distribution adaptation strategy by
framing AIS as a reinforcement learning problem. Under this
structure, the proposal distribution of the sampler is treated as
an agent whose state is controlled using a parameterized policy.
At each iteration of the algorithm, the agent earns a reward that
is related to its contribution to the variance of the AIS estimator
of the normalization constant of the target distribution. Policy
gradient methods are employed to learn a locally optimal policy
that maximizes the expected value of the sum of all rewards.
Numerical simulations on two different examples demonstrate
promising results for the future application of the proposed
method to complex Bayesian models.

I. INTRODUCTION

Importance sampling (IS) is a Monte Carlo technique that
can be used to approximate intractable integrals [1], [2]. The
methodology has a special application in Bayesian signal
processing, where it can be used to compute expectations taken
w.r.t. a posterior distribution of a set of unknown parameters
in a probabilistic model [3]. In IS, samples are drawn from a
proposal distribution and are weighted w.r.t. the target distri-
bution of interest (e.g., a posterior distribution). The collection
of samples and weights can be used to approximate integrals
w.r.t. the target distribution via a weighted sum. While IS
has nice theoretical guarantees, it suffers from the curse-of-
dimensionality [4], and so its performance deteriorates for
targets with a large number of unknowns (high-dimensional).
This is analogous to the problem faced by most sampling
methods, such as rejection sampling [5], Markov chain Monte
Carlo (MCMC) [6], and sequential Monte Carlo (SMC) [7].

One of the key ingredients for scalable and efficient IS
methods in high-dimensional scenarios is the choice of the
proposal distribution. It is well known that the variance of
an IS estimator scales with the mismatch between the target
distribution and the proposal distribution. An optimal proposal
distribution is one that minimizes the variance of the estimator
of the integral of interest [8], which for almost all cases, is
intractable and cannot be sampled from directly. To improve
the efficiency of IS methods for high-dimensional targets,
adaptive IS (AIS) methods have been proposed [9], [10].
A generic AIS algorithm adapts the proposal distribution
over iterations to improve the performance of the sampler.
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Typically, the proposal is adapted in a manner that solves some
optimality criterion. For example, in the mixture population
Monte Carlo algorithm, a mixture proposal distribution is
adapted to minimize the Kullback-Leibler divergence (KLD)
between the target and the proposal [11]. In several other
works, the proposal distribution is adapted to minimize the
variance of the importance weights [12], [13].

Although AIS algorithms obtain better proposals with in-
creasing iterations, the performance of the samplers can be
burdened by samples drawn from poorly fit proposals used in
the early iterations of the algorithm. Several solutions have
been proposed to tackle this problem based on re-weighting
previously drawn samples. In [14], samples are re-weighed at
each iteration of the algorithm using a temporal deterministic
mixture, which reduces the variance of the importance weights.
In [15], a weighted AIS method is proposed which reweighs
the samples drawn at each iteration according to the variance
of the corresponding IS estimator. More recently, there have
been several pushes to improve the performance of adaptive
Monte Carlo methods using ideas from optimal control. In
[16], techniques in reinforcement learning (RL) are used to
learn the sampling policy (over discrete states) of an MCMC
sampling scheme in a way maximizes the performance of
the algorithm. In [17], a controlled SMC scheme is pro-
posed which optimizes the sequence of proposals iteratively
using an approximate dynamic programming procedure. There
are also approximate inference methods that use dynamic
programming to optimize the transition kernel of a Markov
process, so that the terminal distribution of the process is the
posterior [18]. These methods can also be used to improve
SMC methods. However, unlike SMC samplers, which apply
IS sequentially to approximate intermediate target distributions
whose product is the posterior [19], AIS methods build an
approximation by weighting directly according to the posterior.
Importantly, in AIS, the samples and weights obtained in all
iterations of the algorithm contribute to the approximation
to the target posterior distribution. Therefore, to the best
of our knowledge, the use of RL methods to optimize the
performance of AIS remains relatively unexplored.

In this article, we propose a novel formulation for
optimizing the performance of an AIS sampler that is
based on stochastic optimal control, where the adaptation of
proposals is controlled using a parameterized policy. This
leads to an AIS scheme, where policy gradient (PG) methods
from the RL literature are employed to find the optimal policy
parameters. Unlike standard AIS algorithms that use a fixed
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adaptation strategy to optimize the proposal distribution, the
proposed method instead learns an adaptation strategy that
optimizes the entire iterative procedure of the AIS algorithm
and is robust to the initialization of the proposal parameters.
Our main contributions are as follows: 1) We show that for
the considered AIS sampler, finding the optimal policy is
akin to solving a RL problem, where the rewards are related
to the variance of the importance weights; 2) We show that
the considered reward function is related to a statistical
distance between the target and the proposal distributions;
3) We derive a surrogate reward function, such that when
its return is maximized, the proposed algorithm minimizes
an upper bound on the cumulative sum of a family of
divergences between the target and the proposal distributions;
and 4) We describe in detail the implementation of the
method. Simulation results indicate that the novel sampler
outperforms other AIS samplers for high-dimensional targets
given sufficient training iterations.

Summary of Notation: Vectors are denoted by boldface
lower-case letters (e.g., x and 6). Matrices are denoted by
boldface upper-case letters (e.g., X and X). The superscript
(-) T is used to denote the transpose operation. Sets are denoted
by calligraphic letters (e.g., D and ©). The identity matrix of
dimension d is denoted by I, while a d-dimensional column
vector of zeros and a d-dimensional column vector of ones
are denoted by 04 and 1,4, respectively. The expected value
and the variance of a function f(x) taken with respect to
a probability distribution g(x) are denoted by E,[f(x)] and
Vgl f(x)], respectively. Finally, subscripts are used to denote
data and iteration index (e.g., y,, and 6;), while parenthesized
superscripts denote sample index (e.g., x(")).

II. PROBLEM FORMULATION

We formulate the addressed problem under the Bayesian
framework, and the objective is to infer the posterior distri-
bution of an unknown parameter x € X C R% given an
observed dataset y1.x = [y1,...,yn] € R&*N where we
have y,, € R%>! forn = 1,..., N. By Bayes’ theorem, the
posterior of x given yi.y can be expressed as

a p(y1.n(X)p(x)
o(x) = p(xly1n) o) (D
where ©(x) is referred to as the farget distribution (i.e.,
posterior distribution), p(y1.n|x) is the likelihood of x, p(x)
is the prior distribution of x, and Z = p(y;.y) is called the
normalization constant or evidence. In general, the evidence,

Z- /X p(y1.n[X)p(x)dx, @)

is an intractable integral and one can only evaluate the nu-
merator of (1), which we denote by @(x) and refer to as the
unnormalized target distribution, i.e.,

$(x) = p(yr.n[¥)p(x) = Zp(x). 3)

Our goal is to compute expectations w.r.t. the target posterior
©(x) under the restriction that we can only evaluate the

unnormalized target $(x). In particular, we would like evaluate
integrals of the form

()2 /X ) p(x)dx = B, [f(x)], @

where f(x) is a function assumed to be integrable w.r.t. po(x).
For general functions f(x), the integral in (4) is intractable,
and one must employ numerical integration methods that only
require the evaluation of @(x) to estimate Z(f).

ITI. IMPORTANCE SAMPLING

We consider IS techniques to estimate expectations w.r.t.
to the target o(x). In standard IS, we can approximate
posterior expectations using samples drawn from an alternative
distribution ¢(x; 0), called a proposal distribution, where 6 €
© C R are the parameters of the proposal distribution. This
is accomplished by rewriting the expectation in (4) in terms
of the unnormalized target $(x) and the proposal ¢(x; 8), i.e.,

e fp@dx  Eao |15 ]
)= [ye(x)dx o) | ©)
x Eqgo L(x;e)}

where E, [-] denotes an expectation taken w.rt. ¢(x;@).
We define the unnormalized standard importance weight as
W(x,0) £ 3(x)/q(x;0). Then, the self-normalized 1S esti-
mator of Z(f) based on a proposal ¢(x; @) is given by

LM w(x™,0)f(x™)

I = ¥ e : (©6)
Tli Zm:l w(x(m)7 0)
where x(1), ..., x(M) b q(x;0) are the M samples drawn

from the proposal distribution. We remark that the denomina-
tor of (6) is an unbiased estimator of Z [20], i.e., if

M

A 1
M _ - = (5 (M)

ZIS - Mﬂ;w(x 70)7 (7)
then E[Z}] = Z. Furthermore, it is well known that the
estimator in (6) is consistent, i.e., for any € > 0 we have

lim P(|Z(f) = Z¥ | > €) =0, ®)
M—o00

where P(A) denotes the probability of an event A and || - ||
denotes a norm (e.g., a vector norm or a matrix norm). Despite
this theoretical guarantee, only a finite number of samples
contribute to estimates in practice, and if 6 is poorly chosen,
then IS estimators can suffer from high variance.

Let Vg, [-] denote the variance taken w.r.t. ¢(x;8). A com-
mon optimality criterion utilized to choose proposal distri-
butions for IS methods is the minimum-variance importance
weights criterion [21], [22]. The goal is to find the € that
solves the following optimization problem:

0" = argmin C(6), 9

6co
where the cost function C(8) £V, [ii(x, 8)] corresponds to
the variance of the standard importance weights under proposal
q(x; 0). It can be shown that this is equivalent to finding the
parameters which minimize the variance of the estimator of



the evidence, ZAI]‘S{. Moreover, the optimal proposal parameters
0™ are those for which q(x; 0*) best approximates ¢(x).

IV. AN OPTIMAL ADAPTIVE IMPORTANCE SAMPLER

Over the past years, large efforts have been devoted to
the development of adaptive MC methods which learn a
suitable proposal distribution through an iterative sampling
process [23]. In the case of IS, these efforts have led to the
development of AIS methods. At each iteration of an AIS
algorithm, M samples are drawn from a proposal ¢(x;6;),
where ¢ denotes iteration index. The generated samples are
weighted and then, the proposal parameters 6; are adapted.
The adaptation of 8; depends on an auxiliary variable u; € T
that determines how one obtains 6;,; from 6;. In most
implementations, the adaptation rule at the ¢th iteration can
be described using a deterministic function of the proposal
parameters 8, and the auxiliary variables u;. More generally,
however, we can represent it by using a conditional probability
density function A : © x © x T — [0, 00), i.e.,

9i+1 ~ h(9i+1|9iaui)' (10)

The auxiliary variable u; is usually a function of the history
of generated samples. For example, if 6; corresponds to a
location parameter, one possible adaptation rule is

1 ) gy ()
0,1 = w(x; ’,0;)x; €,
+1 (Zﬁle U}(Xgm),el) Z ( i ) i +€;
which is a weighted sample mean perturbed with additive
Gaussian noise €; ~ N(Ode,JZIds). Here, the auxiliary
variable u; corresponds to the samples generated at the tth
iteration of the algorithm, their corresponding weights, and
the variance of the perturbation.

Using the collection of samples and importance weights, we
can obtain the self-normalized AIS estimator of Z(f) as

I M ~ m
FMxI _ ﬁ Doic Damet w(xl(' L)a ai)f(xz('m))
AlIS © T M -, (m )
ﬁ doim1 Dm=1 w(xi )7 0;)

Similar to the estimator in (6), the denominator of (11)
corresponds to an estimator of the evidence, i.e.,

m=1

(1)

1
, 1
MxTI
248" = 37 2

One can show that Z %le is an unbiased estimator of Z, i.e.,
E[ZM5"] = Z via a straightforward application of the law of
total expectation.

One strategy for determining the sequence of proposal
parameters to be used in AIS is to employ a stochastic
gradient descent (SGD) method to explicitly solve (9) [12],
[13]. Essentially, one begins with an initial parameter 8, and
applies an SGD update at the end of each AIS iteration:

0,11 =1lp (61’ - 77i9<6i>) )

where 7; > 0 is a positive learning rate, g(6;) is a stochastic
gradient that satisfies E[g(0;)|0;] = Vo,C(6;), and Ilg(-)
denotes a projection onto the feasibility set ©. The update in

w(x\"™,0,). (12)

(2

13)

(13) can be embedded as the adaptation step in the AIS sam-
pler, where stochastic gradients are obtained using the set of
samples drawn from the most recent proposal. In this context,
the auxiliary variables u; are reflected in the learning rate 7);
and the stochastic gradient ¢g(8;). Provided that the sequence
of learning rates are chosen according to the Robbins-Monro
stochastic approximation conditions, the proposal parameters
converge in expectation to a local minimum of C(0) [24],
[25], [26].

Using SGD to solve (9) leads to a locally optimal IS
proposal in the limit as the number of iterations tends to
infinity; however, the proposal parameter values obtained in
the early iterations of an SGD algorithm may contribute to
a high variance of the AIS estimator of the normalization
constant. For this reason, it is important to optimize the
sequence of proposal parameters in an AIS algorithm since
they all play a role in the performance of the estimators
in (11) and (12). Therefore, a more suitable goal would
be to optimize the auxiliary variables u;.; = {uy,...,us}
responsible for generating the sequence of proposal parameters
in an AIS method, so that the variance of Z M1 is minimized.
In the case that the auxiliary variables are deterministic, this
instantiates the following optimization problem over uj.s:

I M
Z Z w(xgm)a 91’)

i=1 m=1

uj.; = argmin V
{uiGT}{:l

uul ;o (14

where T is the feasibility set of u;. Unfortunately, such an
objective function is generally difficult to optimize due to the
difficulty in dealing with the set of deterministic auxiliary vari-
ables. Therefore, an alternative formulation should be consid-
ered. Our proposed alternative assumes the auxiliary variables
as stochastic and distributed according to some parameterized
probability distribution. The parameters of this distribution are
optimized according to some optimality criterion related to the
performance of the AIS sampler.

V. PoLICY GRADIENT IMPORTANCE SAMPLING

We propose a novel class of samplers that frames AIS
as a stochastic control problem. To this end, the proposal
distribution in the AIS algorithm is treated as an agent, whose
state corresponds to the value of its parameters. The agent
takes actions using a parameterized policy that governs the
adaptation of the proposal parameters at each iteration of the
algorithm. Using this framework, we reformulate the objective
in (14) to an optimization problem over the policy parameters.

Consider an AIS sampler which samples from a proposal
distribution at the ith iteration using the following steps:

u; ~ m(w;|0;-1;9), (15)
0; ~ h(8;|0;-1, ), (16)
Xgm) ~q(x;0;), m=1,..., M, (17)

for i = 1,...,I. The distribution 7(u;|0;;) is called the
policy and is parameterized by a set of parameters @ € .
Define up.s £ {ul, . 7ll[} and 00:] £ {00, . ,0[}. The
joint distribution 3 of uy.; and 6.7 is then

B(ui.r,00.1;%) = p(6o) Hf:1 h(0;]0;—1,u;)m(0;]0;—1;%). (18)



Algorithm 1 Policy Controlled Importance Sampling (PCIS)

Input: A parameterized policy 7(a;|s;;4) and a parame-
terized proposal distribution ¢(x;@).
Initialization: Sample the initial proposal parameters ac-
cording to 8y ~ p(By) and set s; = Oy.
fori=1to I do
1. Sample the auxiliary variable u; ~ m(u;|0;_1; ).
2. Sample the proposal parameters 6; ~ h(6;|0;_1,u;).
3. Set a; = u; and s;1; = 0;.
4. Draw M samples from the proposal distribution:
Xl(-m) ~q(x;0;), m=1,...,M.
5. Compute the unnormalized importance weights:

_(m) _ p(x"™)

Vi T ) gy
q(x;""; 0:)
6. Use samples and weights to estimate the reward r;.

end for

Return: The random measures X; = {x\™ @™ }M_, for

all ¢ and the experience £ = {(s1,a1,71),...,(sr,ar, 1)}

m=1 M.

yeeey

In this context, the AIS agent’s state corresponds to the
proposal parameters at the previous iteration 6;_1, while its
action corresponds to the auxiliary variable u; that determines
the next proposal parameters @;. The time horizon over
which which the AIS agent interacts with the environment
corresponds number of iterations I of the AIS simulation. The
initial proposal parameters 8y and the policy parameters
are what characterize the behavior of the sampler. Since we
assume that 8y ~ p(6y), then we can optimize this sampler
by appropriate choice of the policy parameters 1. The optimal
1) maximize the so-called expected return, i.e.,

I
J($) =Eg, [Z 7 IR(0:) ] (19)

i=1

where v € [0,1] is a discounting factor and R: © — R is a
reward function used to award the agent for taking “favorable”
actions. After choosing a discounting factor and a reward
function, the policy parameters are obtained as

™ = argmax J (¢). (20)
YW

The policy parameters are optimized using the episodic RE-

INFORCE algorithm [27] in Algorithm 3, where experiences

are collected using the policy controlled importance sampling

(PCIS) algorithm shown in Algorithm 1. We provide a brief

review of policy gradient methods in Appendix A.

A. Rewards based on Minimum Variance Optimality

In order to learn the optimal policy parameters, we require a
definition for how the agent is awarded for the actions it takes.
In the following proposition, we state an optimality criterion
for choosing the policy parameters to minimize the variance

of the AIS estimator of the evidence, i.e., A %le .

PROPOSITION 1 [Minimum Variance for Policy Parameters
in Adaptive Importance Sampling] Consider the AIS method
formulated in (15)-(17). The optimal policy parameters *

that minimize the variance of Z%gl are those that solve the

following optimization problem:

" = argmaxEpg,
pew

; 21

I
Z Ry (6;)
=1

where Ry (0;) = —Vgo, [0(x,0;)].

The proof of Proposition 1 can be found in Appendix B.
The proposition implies that minimizing the variance of Z %le
can be formulated as a RL problem, where the expected
return 7 () is determined by a reward function Ry (0;) =
—Vge, [W(x,0;)] and a discounting factor that is v = 1. We
can expand the reward function Ry (8;) as

Ry (8;) = Vo, [0(x,6;)]

2
= By, [((x,0))%] + (Eq, [i(x,6,)]))
= Ry (6;) + Z°,

where Ry (6;) = —Eqg, [(w(x,0;))?]. Since Ry (8;) is just
a shifted version of RV(HZ»), one can also use Ry (0;) as
the reward function to find the minimum variance policy
parameters. This choice is recommended in practice, since Z
is an unknown quantity that will need to be estimated if one
wishes to use Ry (8;).

B. Rewards based on Divergence Measures

The maximization problem in (21) can be shown to be
equivalent to minimizing a sum of (Pearson) x? divergences.
The x? divergence from ¢(x) to q(x;8;) is defined as [28]:

'DXQ (<)0||q0i) = /X qg(p)((xéz)d

We formally state the result in the following proposition,
which we prove in Appendix C of this text.

x — 1.

(22)

PROPOSITION 2 [Minimal Sum of Pearson y?2 Divergences]
The maximization problem in (21) is equivalent to the follow-
ing minimization problem:

= arf rr‘Illin Eg, (23)
€

I
prz(sﬁllfmi)l :

i=1

The equivalent formulation in Proposition 2 gives the idea
that reward functions should be related to a measure of
discrepancy between the target and the proposal. Therefore,
we can consider to solve the more general problem

ZDa(WIIQei)],

i=1

(24)

P* = argminEg,
Ypew

where D, (¢||ge,) denotes a discrepancy measure between the
¢(x) and ¢(x; 0;) parameterized by a real-valued parameter c.
For example, we can consider a family of divergences, such as
the Rényi divergence (of order o) between ¢(x) and ¢(x; ;)
[29] as the chosen discrepancy measure, which is given by

Do (ellao,) = 25 1og (S (7235) " alxi0:)dx) , @5)




where « € RT \ {1}. The case &« = 2 is a monotonic
transformation of the x? divergence defined in (22) [30], while
in the limit we also have that lim,_,1 Dy (¢||ge) as the KLD
between p(x) and g(x;6;).

Although one can straightforwardly define a reward function
to convert the minimization problem in (24) into a maximiza-
tion over expected return, i.e.,

Ra(ei) - 7,D0t(§0||q97‘,)7

it is desirable to choose a reward function that does not require
to select a value of . One possibility is to maximize a lower
bound to (24). It turns out that there exists a reward function,
whose corresponding expected return is a lower bound to
the objective in (24). We state this result in the following
proposition and provide a proof in Appendix D.

(26)

PROPOSITION 3 [Cumulative Evidence Lower Bound Maxi-
mization] Consider the optimization problem in (24) for any
«a > 1. Then, the maximization problem

I

> Rp(6))

i=1

P = argmaxEg, ; (27)
Ppew

where Rp(0;) = Ey, [logw(x,8;)], is equivalent to maxi-
mizing a lower bound to the objective in (24).

The reward function Rg(6;) = E,, [logw(x,0;)] corre-
sponds to the evidence lower bound (ELBO) as defined in [31]
and is the function of interest in varitational inference methods.
It is well known that maximizing Rg(0;) is equivalent to
minimizing the KLD from ¢(x;8;) to ¢(x):

0= [ a6 (qi‘(;f’)”) dx.

Thus, maximizing the expected return obtained by the reward
function Ry (6;) is equivalent to minimizing the sum of KLDs.
Importantly, this means that Rg(6;) is a reward function that,
like Ry (6;), is related to a measure of discrepancy between
the target and the proposal.

Dx1.(qge, (28)

VI. IMPLEMENTATION

Here, we discuss the implementation details of the pro-
posed algorithm. In particular, we discuss the policy choice
considered in this work, how one can design the dynamics of
the adaptation step in the algorithm, and the details on the
estimation of the derived reward functions. We also discuss
how the trained policy can be used for AIS methods which
utilize more than one proposal. The proposed algorithm which
uses multiple proposals is called multiple policy controlled IS
(MPCIS) and is summarized in Algorithm 2

A. Choice of Parameterized Policy

For simplicity, we consider a linear and Gaussian policy
m(w;|0; 1) = N(us; Ad1(6;), exp(b’ ¢2(60:))1a,)  (29)

where ¢ : R% — R%:1 and ¢ : R% — R%:2 are basis
functions used to transform the parameter 6;, and the policy
parameters are ¥ = {A, b} with A € R%*s1 and b € R%:.

To optimize this policy using a PG algorithm, we need access
to the gradients Va log m(u;|0;;%) and Vi logm(u;]0;; ).
These gradients can be computed using matrix calculus and
are given by the following expressions:

Z; 9,‘ T
VA logw(ui|0i;'¢/)) = exp(;:b){r((ﬁg)(a-))’ (30)
1 ZTZi
Vb 10g7T(117,|0m¢) = 4)2(291) (exp(b}rdog(ai)) - du> ) (31)

where z; = u; — A¢1(0;). While the choice of ¢;(6;) and
¢2(0;) impacts the performance of the algorithm, for simplic-
ity we consider the linear basis ¢1(6;) = ¢2(8;) = [1,6,'].
Remark that the mean and covariance in (29) are not required
to be linear and one could, for example, use a more complex
function like a deep neural network to model them [32].

B. Choice of State Dynamics

In most applications where RL methods are employed, the
dynamics that define the system of interest are fixed and cannot
be controlled. In framing AIS as an RL problem, we can
actually decide what type of dynamics we would like our
proposal parameters to follow. In other words, the practitioner
can choose the distribution h(0;,1|6;,u;) as they see fit. We
note that the choice of h(0;11|0;,u;) has heavy influence on
the capabilities of the proposed scheme. One possible choice
is to consider linear Gaussian dynamics, i.e.,

0,11 =C0;+ Du; + v, (32)

with C € R%*de D ¢ Rée*du and v; ~ N(0g4,,v%14,).
We remark that linear and Gaussian dynamics do not use any
information about the geometry of the target distribution ¢ (x).
Alternatively, one could consider alternative dynamics inspired
by Langevin diffusion which take into account the gradient of
log p(x) [33], [34]; however, for simplicity in presentation, we
will investigate such dynamics in an extension of this work.
In the following, we discuss a joint learning strategy of the
parameters of the dynamics and the policy using a simple
modification of Algorithm 3.

C. Learning the Dynamics

Under the assumption that the dynamics are parameterized
by € = {C,D} as they are in (32), then the joint distribution
of uy.; and 6y.; now depends on &, i.e.,

B(uy.1,60.15%, &) = p(6o) ]_L{:l h(0:|6;—1,ui; €)7(w]0;1;%). (33)

Applying the log derivative trick in the same way as it is
applied for v, we can also employ the REINFORCE algorithm
to optimize the parameters &:

Veh(0i10i-1,u;;§)
h(6:10;-1,u;;€)
When the dynamics are linear and Gaussian as they are in

(32), then the log gradients can be computed as

Vclogh(6;]6;-1,u;:¢) =
Vplog h(0;10;-1,u;;&) =

Velogh(0;10;—1,u;;€) = 34

L(6; —CO;_1 —Du,)8; |, (35)
12 (HL — COi_l - Dul)uj (36)

v



Given the gradients in (35) and (36), one can use the collected
AIS experiences to optimize the parameters of the dynamics
along with the parameters of the policy are optimized.

D. Estimation of Rewards

Unfortunately, we cannot evaluate the considered reward
functions analytically since they involve integrals that are
generally intractable. One can instead compute unbiased or
consistent estimates in place of the true reward function using
the samples and weights obtained at each iteration of the
sampler in Algorithm 1. For instance, an unbiased estimator
of Rg(0;) can be determined using just the samples drawn in
the ith iteration of the algorithm,

M
~ L 5(m)
Rp(0:) ~ 5 mz::l log @)™, (37)
since Rp(0) = Ey, [logw(x,0;)] can be written as an ex-
pectation w.r.t. ¢(x; 6;). One can obtain a consistent estimate
of Ry (0;) (up to a scaling factor) by expressing Ry (6;) as
follows:

-/ (qgc,};i))Q“’“ Oulex
- /X (Q(fc(;);)z)) Plax)ax
__z ) > o(x)dx

Since Ry (6;) can also be expressed in terms of an expectation
taken w.r.t. (x), we can use the self-normalized IS estimator
in (6) to obtain the following estimate:

M
Ry (6:)  E[i(x. 0,)] ~ Zle(“ S (@™ 68)
j=1 Wi m=1
As a remark, we point out that using the estimator in (38),
which only approximates the reward Ry (0;) up to a scaling
factor, is acceptable, since multiplication by a scaling factor
does not change the solution to optimization problem in (21).

E. Penalized Reward Functions

It is possible to modify the reward functions to include a
penalty term to improve the performance of the optimized
policy/dynamics. Recall that reward function Rg(6;) is the
ELBO, whose optimization in variational inference has shown
to lead to posterior approximations with underestimated vari-
ance. Therefore, the use of R (0;) in the proposed method
could lead detrimental performance, as it can lead to a proposal
distribution with thinner tails than the target distribution. One
way to mitigate this effect is to consider a penalized version

of this reward function
Ry 5(6;) = Rp(6;) — AS(6;), (39)

where S(0;) is a penalty function and A > 0 is the strength
of the penalty. The penalty should be to chosen to encourage

Algorithm 2 Multiple PCIS (MPCIS)

1: Initialization: Set the initial proposal parameters by draw-
ing from the prior 61,...,0p 0 ~ p(6o).

2. fori=1,...,1 do

33 ford=1,....,D do

4: Sample the auxiliary variable of the dth proposal:
ug; ~ m(ug;|0qi—1;%).
5: Sample the parameters of the dth proposal:
Oai ~ h(0ai|0ai-1,1a:;)
end for
Draw K samples from each proposal:
k=1,...,K
d’k ) i Y
K ~aibas gy p.
8:  Compute the deterministic mixture weights:
< (dk -
) _ @(Xg )) k=1,....K,
i D d.k ) =
%Ed:l q(XE )§0d,i) d=1,...,D.
9: end for

10: Output: Return X, ; = {xgd*k),w§d’k>}§:1 for all ¢ and
for all d.

policies/dynamics which yield to suitable proposals that will
not jeopardize the performance of the AIS method. One
possibility is to introduce a penalty based on the norm of the
precision matrix of the proposal distribution. Penalizing large
precision matrices ensures that the majority of the probability
mass of the proposal covers a wider support, hence leading to
proposal with fatter tails than the target distribution. Another
possibility is to use the Pareto-smoothed IS (PSIS) diagnostic
presented in [35], which corresponds to the shape parameter of
a generalized Pareto distribution fit to the importance weights.
Indeed, this diagnostic has been used as a means to determine
the reliability of variational approximations [36], and so it is
suitable for our purposes.

F. Multiple Proposal Implementation

After training, the learned policy and dynamics can be used
to adapt a population of proposal distributions. We call this
multiple proposal implementation summarized in Algorithm 2
the multiple policy controlled importance sampling (MPCIS).
At the ith iteration of the algorithm, the parameters of the
dth proposal, denoted 6, ;, are determined using the trained
policy and dynamics. After determining the parameters for
each proposal, MPCIS draws K samples from the D proposal
distributions for a total of M = DK samples. The importance
weights are computed according to the deterministic mixture
(DM) approach [37], which weighs the influence of all pro-
posal distributions. The use of the DM weighting scheme is
common in most robust AIS implementations and typically
leads to lower variance IS estimators in practice (see [14],
[38], [39] for other examples). Finally, the collection of all
samples and weights can be used to compute IS estimators.

G. Distributed Computing

A legitimate concern regarding the implementation of the
proposed methodology centers around its computation time.



Unlike standard AIS methods, where the learning phase takes
place in a single simulation of the algorithm, episodic RE-
INFORCE requires running a multitude of simulations to
learn a policy. In particular, at each iteration of episodic
REINFORCE, N simulations of PCIS are run to estimate
the gradient of the policy parameters 1p. Luckily, since these
simulations do not interact, we can leverage the power of
distributed computing to obtain them. Therefore, a strong
advantage of using RL to train an AIS algorithm is that a
computational cluster can be utilized to speed up the training
process. The learning phase of standard AIS approaches are
typically sequential, and therefore, cannot take advantage of
distributed computing.

VII. EXAMPLES

We demonstrated the performance of the proposed algorithm
through two numerical experiments. The first was a multi-
dimensional twisted Gaussian target distribution and the sec-
ond was on a Bayesian vector autoregressive (VAR) model.
In both examples, we compared the proposed method to
the following AIS algorithms: population MC (PMC) [40],
stochastic gradient PMC (SG-PMC) [41], convex adaptive
MC (CAMC) [12], and variational adaptive population IS
(VAPIS) [13]. PMC is an AIS algorithm that uses multinomial
resampling to resolve the adaptation of location parameters for
a population of proposal distributions equal to the number of
samples being drawn. SG-PMC is a variant of PMC which
uses resampling to explicitly solve an optimization problem
related to a moment-matching criterion. Both methods employ
the use of DM weights [37], [42], which weighs samples
according to the population of proposals to obtain lower
variance estimators. CAMC and VAPIS methods use stochastic
optimization to explicitly solve (9), where the SGD updates are
used as the proposal parameters. VAPIS specifically optimizes
the parameters of an equally weighted mixture distribution.

For training, we used episodic REINFORCE to optimize the
parameters of the dynamics and policy using collected experi-
ences from running PCIS with M = 250 samples and I = 40
iterations. We chose a multivariate Gaussian distribution as the
proposal distribution in PCIS, i.e., q(x;0;) = N(x; p;, ),
where p; denotes the mean and X; denotes the covariance
matrix. We considered two options for adapting the proposal
parameters:

1) Mean and isotropic covariance matrix, i.e., 6; =
[;,02]" with 3; = 021, . Here, dg = d, + 1.
2) Mean with diagonal covariance matrix, i.e., 6; =
(14,07 45,05 )T with 3; = diag(of;,...,07 ;).
Here, dyp = 2d,,.
The REINFORCE algorithm was run to train the linear
Gaussian policy and linear dynamics of the sampler until
the criterion |J(v;) — J(%,_1)| < 0.005 was satisfied or
until had trained for J = 5000 gradient steps. The high-
performance SeaWulf computing system was used to simul-
taneously collect N = 240 simulations at each REINFORCE
iteration to estimate the gradient of the policy parameters. In
each of these simulations, the variance of the dynamics was
v? = 0.05. After training the policy, the MPCIS algorithm was

run with the trained policy/dynamics to compare to the other
methods, where the variance of the dynamics was v? = 1076,
A larger variance was used for training so that the agent
could efficiently explore the state-space (exploration), while
a smaller variance was used after the policy is trained to
exploit the best possible sequence of proposal parameters
(exploitation).

A. Multi-Dimensional Twisted Gaussian Target

We considered that x = [z, ..., 74,] € R%, where d, > 2
and the unnormalized target distribution was defined as

dz
B(x) = N(21 + ar (23 + a3);0,a3) [ [ N (2a;0,1),  (40)
d=2

where N (z; i, 0%) denotes a univariate Gaussian probability
density function with mean p and variance o2 evaluated at x
and aj,as € R. Such a density is obtained from applying a
transformation of a Gaussian random vector [43] and results
in a banana-shaped distribution with normalization constant
Z = 1. For a given choice of a1, as € R, the mean is

E,[x] = [~ai(1 +a3),0,...,0] .

In this example, we set a; = ay = 1. The considered
performance metrics in this example were the median mean-
square error (MSE) of the target mean and median absolute
error (MAE) of the normalization constant, which are obtained
by running 1000 independent Monte Carlo simulations.

Figure 1 summarizes the performance of PCIS for the
twisted Gaussian target when d, = 2 after the policy and
dynamics were trained. Figures. 1a and 1d show a comparison
of trained policies for the different reward functions and
adaptation schemes, where it is clear that the best trained
policy corresponds to the one where the reward function used
was Ry (0;) and a diagonal covariance matrix was considered.
We note that the policy trained with the reward function
REg(0;) performed poorly since it led to a proposal that
underestimated the variance of the target, as postulated in
Section VI-E. To resolve this issue, we considered a penalized
reward in (39), where the penalty S(6;) corresponded to the
squared Frobenius norm of the precision matrix of the isotropic
proposal, i.e.,

2
500 =12 = () 1)
Figures 1b and le show the performance of policies trained
using the penalized reward function Rg, 5(6,) for different
values of \. The use of the penalty improved the performance
of the sampler, where for A = 1000, the performance of a
policy trained with Rg »(0;) had similar performance to a
policy trained with the reward Ry (60;). Furthermore, it was
evident that for this particular example, larger values of A
were necessary to obtain improved performance. In general,
it is difficult to choose the value of A, as it will depend on
the properties of the target distribution (e.g., tail behavior,
skewness, and shape) and the scaling of the reward function.
Therefore, we recommend that for general problems, a cross-
validation scheme should be used to choose A. Finally, Figs.
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Fig. 1: Performance of the proposed method for the two-dimensional twisted Gaussian target.
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Fig. 2: Performance of the proposed method for the multi-dimensional twisted Gaussian target (of varying dimension).

Ic and 1f depict the evolution of the expected return during
training of the policies for the Rg(6;) and Ry (6;) reward
functions, respectively. The expected return converged faster
when the considered reward function was Rg(0;). This was
because the variance of the estimated reward for Rpg(6;)
was significantly less than that of the estimated reward for
Ry (0;). This is because, unlike Ry (6;), the reward function
Rg(0;) is only a function of the logarithm of the importance
weights. This makes it more suitable for high-dimensional
target distributions, where numerical underflow can be an issue
for the importance weights. Therefore, it is advantageous to
train based on the penalized reward function Rg, 5(6;) when
considering high-dimensional target distributions, since it is
numerically stable and one can obtain similar performance to
the reward function Ry (0;).

Figure 2 shows the performance of the proposed algorithm
for a trained policy using the reward function Rz'%(8;) as
compared to other AIS methods under different initialization of
an isotropic covariance matrix Xy = 031, . For each method,

we draw M = 250 samples over I = 400 iterations, where

for the VAPIS and MPCIS, we use a population of D = 10
proposals each drawing K = 25 samples. We can see that
PCIS and MPCIS outperform the competing algorithms as the
dimension of the target increases. Importantly, the performance
of both PCIS and MPCIS is guaranteed regardless of the
initialization scheme for the isotropic covariance matrix, while
the other methods perform worse for broader initialization and
thus are less robust for arbitrary targets. Finally, we remark that
because MPCIS uses multiple proposals and a DM weighting
scheme, it slightly outperforms the PCIS algorithm.

B. Vector Autoregression with Sparse Interactions

We considered a time series model, which described the
time evolution of observations y, € R% according to:

Vo= QY1 +Ve, n=2...,N, 42)

where Q € R%*% y, ~ p(y;) and v, ~ N(Ody,agldy).
Regardless of the distribution of the initial observation p(y1),
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one can straightforwardly show that the likelihood function
p(y1.~|€?) is proportional to a matrix normal distribution

p(y1:n|2) x MN(Q; Mg, Uq, Vq) 43)

_ e (o3t [Vel(@ - Ma) U (@ -Ma)])
\/(27T)d5 Vol |[Ugq|dv

where the location matrix Mg, and the scale matrices Ug
and Vg are given by

T T -1
Mg = (Zyt_lytT) (ZYt—ly;rl) ;o @5)

t=2 t=2

T
Uq = 012,(2}%—1}’;), Va =1g4,. (46)
=2

Defining x = vec(2) € R, where vec(-) denotes vector-
ization and d, = dz, the likelihood of x is proportional to a
multivariate Gaussian distribution

p(ylzN‘X) o0 N(X; ["7 2)7 (47)

where 1 = vec(Mgq) and > = Up®Vq with ® denoting the
Kronecker product. Our interest was in obtaining a sparse es-
timation of x under the Bayesian paradigm. This amounted to
obtaining the posterior distribution of x given y;.y under the
X . . . ;) e
choice of a sparse inducing prior p(x) o [[,Z; exp(—5),
where b was considered to be a fixed hyperparameter. Thus,
for this example, the unnormalized posterior @(x) was

d

5 o 5 T ||
00 = N3 [Jew (- 51)
Our goal was to compute the minimum mean-square error
(MMSE) estimator of x. We compared the performance of
the MPCIS with the other AIS methods through evaluation
of a loss function L(x) = —log ¢(x) at the MMSE estimate
obtained from each algorithm. The policy/dynamics used in the
MPCIS scheme were obtained from training with a penalized
reward function, where the penalty S(6,) was the PSIS diag-
nostic and A = 10. We drew M = 500 samples per iteration,
where the VAPIS and MPCIS methods used a population of
D = 10 proposals each drawing K = 50 samples.

Figure 3a shows the evolution of the loss function, where the
competing algorithms were run for ten times more iterations
than PCIS and MPCIS. The results demonstrate that they
both outperformed all competing algorithms by nearly two
orders of magnitude. Furthermore, it is evident that even if
the competing algorithms were run for many more iterations,
the MPCIS algorithm would still outperform them. This is also
evident from the box plot in Fig. 3b, which shows the loss for
each method at the final iteration.

VIII. CONCLUSIONS AND FUTURE DIRECTIONS

In this work, we proposed a novel adaptive importance
sampling (AIS) algorithm that uses reinforcement learning
(RL) to obtain a minimum variance estimator of the evidence
in a given Bayesian model. In this framework, the proposal
distribution in the AIS sampler is treated as an RL agent,
where the state of the agent are the proposal parameters and
the actions are the auxiliary variables used for adaptation in the
sampler. We showed that suitable reward functions are related
to divergence measures between the target distribution and the
proposal distribution. Moreover, we showed the advantages
of considered penalized rewards, where the imposed penalty
can be related to importance sampling diagnostic measures.
An intriguing advantage of the proposed methodology is that
it is able to exploit distributed computing in its learning
phase, something that cannot easily be done with standard AIS
methods. Simulation results on two examples demonstrated the
superior performance of the proposed method as compared to
other AIS algorithms, and offers the prospect of its application
to complex Bayesian models.

There are a number of possible future directions for this
line of work. For instance, an interesting prospect is the use
of more complex policies and dynamics, such as a ones defined
by a neural network. This could give the proposed approach
more flexibility and allow it to deal with target distributions
that are nonlinear and/or non-Gaussian (e.g., multimodal dis-
tributions). Another opportunity is to include meta-learning in
this framework [44]. By adding a meta-learning procedure to
the framework, one can earn a policy for one target distribution
(initial task) and then reuse that same policy on a different, but
similar target distribution (new task). This would be incredibly
useful in the Bayesian setting, where one may wish to obtain



the posterior distribution for the parameters of one type of
probabilistic model for a variety of different datasets. Finally,
the extension of the proposed work to AIS methods that learn
multiple proposals and use unique weighting schemes (e.g.,
temporal deterministic mixture weights [14]) is something that
ought to be explored in the future.

APPENDIX A: REVIEW OF POLICY GRADIENT METHODS

In this section, we review the basic RL problem and describe
a class of methods called PG methods [45], which are able to
directly learn a locally optimal policy of an RL agent.

In RL, an agent interacts with an environment over a time
horizon I. At each instant 7, the agent at state s, € S takes an
action a; € A and receives a reward r; = R(si,a;,8i41) €R
according to a reward function R : S X A x § — R. Given a
state s; and an action a,;, the next state s;; is determined by a
state-transition distribution s; 1 ~ h(s;+1]s;, a;) that depends
on the environment the agent interacts with. An agent takes
actions according to a policy my,, which we assume is pa-
rameterized by some 1) € W. The policy can be deterministic,
implying that my, : S — A is a deterministic function mapping
from states to actions. The policy can also be stochastic. If the
action space is continuous and the policy is stochastic, then
the policy is represented by a conditional probability density
function 7y, : AX S — [0, 00) mapping from the action space
to the positive reals. The joint distribution of states and actions
over [ steps is

5(S1zl+17 ar:J; ’l/J) 1/’)7 (49)

where p(s;) is the distribution of the initial state. The objective
in RL is to find a policy that maximizes the long-term reward
or return, which is defined as follows:

I

A i1

Gl:IZE A
im1

where v € [0,1] is a discounting factor. Since the policy,
environment and reward function can be stochastic, the goal
amounts to maximizing the agent’s expected return, which is
equivalent to determining the policy parameters 1»* that solves
the following optimization problem:

¢" = argmax J (¢),

Ppew

= p(s1) [T}_; M(sis1]si, ai)m(ay]si;

(50)

&1y

where J () £ Eg, [27 L7V 'r;] is defined to be the
expected return and is a function of 1) since the policy itself
depends on . The optimization problem in (51) is solved
using a set of collected experiences, where each experience
&; is a sequence of observed states, actions, and rewards.
PG methods aim to learn a locally optimal policy directly
by using a set of collected experiences. Here, the policy is as-
sumed to be stochastic and have parametric form 7(a;|s;; ¥),
where SGD is used to update the policy parameters. Gradient
estimators with reduced variance can be obtained by applica-
tion of the policy gradient theorem (PGT) [46], which exploits
the fact that future actions do not depend on rewards incurred
in the past. Let {£() W)Y be a batch of RL experiences
collected using a policy 7(a;|s;; 1)), where each £ is a

Algorithm 3 Batch Episodic REINFORCE

Input: A parameterized policy 7 (a;|s;; v).
Initialization: Initial learning rate 7; > 0 and initial policy
parameters .
for j =1 to J do
1. Collect N experiences {&;" (n)
(al|slv Ji— 1)
2. Compute the average baseline b according to (53).
3. Compute gpg();_1) according to (52).
4. Obtain 1), using a stochastic gradient step

Y=, +njgrar(P;_q).

5. Determine the next learning rate 7;41.
end for
Return: Policy parameters v ; ~ 1.

using the policy

n 1

set of tuples comprised of states, actions, and rewards, i.e.,
EM = {(sgn) agn ; (")), ce (sgn), gn)’ yl))} Given these

experiences, the PGT gradient estimator is given by

NZZ
e (52)

where Gl(.:nj) = Z ki 71 kr( ) is the return from step ¢,
b € R is a baseline, and ngT(¢) satisfies E [gpaT(¥)|¢] =
V. J (). The baseline is used as means to further reduce
the variance of the gradient estimator. A simple heuristic for
choosing the baseline is the average reward [47], which for
the collected experiences {£M), ..., M)} is given by:

(i)

Episodic REINFORCE [27] is an example of a PG method
that can use the gradient estimator in (52) to learn the policy
parameters 1»*. The implementation of the algorithm consid-
ered in this work is shown in Algorithm 3. The algorithm
presented in this work employs an adaptive learning rate 7); at
each step of episodic REINFORCE. The learning rates can be
adapted in many ways, however, in this work we utilize the
RMSprop optimizer [48].

graT(9 b)Vy logm(a n\ ; ﬂ/i)

(53)

APPENDIX B: PROOF OF PROPOSITION 1

Proof. By applying the law of total variance [49], where we
condition on ui.; and @g.;, we can rewrite the variance of
ZMXT a5 follows

AIS
N4 {Zﬂgl} :E6¢ {V [ZﬁgI‘ulzl, 90:1“

+Vg, []E {Zﬁgf‘uu,amﬂ .

Recall that that if the proposal parameters are given, then the

estimator Z37X" is unbiased. Therefore,

E|ZM

(54)

uy.g, 00:1} =E {Z%SXI
=Z.

Or.1 ] (55)



This implies that the second term in (54) is

Vg, {E [Z%SXI‘ulzl, 90:1“ =0,

since the variance of a constant is 0. Furthermore, since
the importance weights are conditionally independent of one
another when the proposal parameters are given, we can
rewrite the first term in (54) as

Eﬁ«p [V [ZAIS ‘ul 1,00 IH

(56)

I M
O(ng V Z m),Hi) 91;[
:I 1:]\; m=1
—Eg, | 3DV [a(x™,6:)|6]
Li=1 m=1
i I
O(ng —ZRV y
L =1

where Ry (6;) = —Vge. [W(x,0;)]. Then, one can find the *
that minimizes V [Z st
optimization problem:

by solving the following equivalent

[E—

I
* = argminE - Ry (6;
P gew By 2: v(0;)

=1

(57)

By multiplying the objective function in (57) by —1, we arrive
at the result given by (21). O

APPENDIX C: PROOF OF PROPOSITION 2

Proof. We rewrite (22) as

0 Y]y
q(x;0;)
Multiplying D, (¢||ge,) by Z? yields

L,»(8;) 2 Z°D

X

1
Dealelin) = 7%, |(

2 (#llge:)

ZIIE (q(w (722>>2 !

=72

— 72

)] (o)
)] )

which is exactly ng [ (X 0; )] Since minimizing L,2(0;) =
Vo, [W0(x,0;)] is equlvalent to minimizing D,2(¢||qe, ), the
result claimed in (23) follows. O]

APPENDIX D: PROOF OF PROPOSITION 3

Proof. We begin by rewriting D, (¢||qe,) as

(o (5] o

a (()OHQQL) =

Since log(z) is a concave function in z € R*, we can apply
Jensen’s inequality [50] to obtain the following:

o e () )

a—1
with equality if an only if ¢(x;0;) =
Dalpllge,) = La(6;) for all ¢, this implies that

I
ZDa(‘Pqui) > Z‘Ca
=1 7

=1
with equality if and only if ¢(x;61) = - -+ = ¢(x;6;) = p(x).
Taking expectations on both sides of the inequality w.r.t. By,
we have

Y

Da (¢llge,)

©(x). Since

I
(6:)

I 1
Ep, | Dalpllae,)| = Eg, | Y La(6:) (59)

i=1 i=1
Noticing that Rp(0;) = 2=+ (L4(0;) + log(Z)), we conclude

that maximizing the right-hand side of the inequality in (59) is
equivalent to maximizing (27), which is a lower bound for the
expected sum of Rényi divergences of any order > 1. [
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