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Abstract

In this paper, we propose novel strategies based on Gibbs sampling for the estimation of the coeffi-

cients and topology of a graphical network represented by a first-order vector autoregressive model. As

the topology and the coefficients are closely related, obtaining their Markov chains together is a nontrivial

task. When incorporating both in a Gibbs-based sampler, the topology samples at each iteration are de-

cisive factors in how information for the corresponding coefficient samples is propagated. We propose new

Gibbs-based samplers that differ in the sampling strategies and scanning order used for their operation.

We ran a series of experiments on simulated data to analyze and compare the samplers’ performances

with dimension of data, data size, and choice of prior. The best performing sampler was also applied to

real data related to a financial network. Converged Markov chains of coefficient and topology elements of

the network attest to the method’s validity, and plots illustrating posterior distributions of the predicted

data against the observed data indicate promising inference for real data applications.

Keywords: Gibbs sampling, network, topology, vector autoregressive models, financial network.

1 Introduction

Dynamical systems embody processes that vary in time. Examples of such systems are gene expressions [1, 2],

animal flocking [3, 4], chemical reactions [5, 6] and many others. For a given system of interest, we want

to understand how it functions and predict how it evolves in time. In any system, the underlying processes

produce some observable signals, which can be collected and summed into time-indexed data. Clever use of
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Figure 1: Gene regulatory network.

the observations is crucial to extract the information they contain

regarding the inner-workings of the system. One way to model such

systems is by using a graphical network. Graphical networks are

composed of nodes and edges. The nodes represent the on-going pro-

cesses in the system, and the edges contain all of the transitionary

information governing their evolution. For example, the evolution

of gene expressions can be represented as a dynamical system com-

prised of genes whose interactions are modeled by gene regulatory networks. In the simple gene regulatory

network illustrated in Fig. 1, the expression of Gene 1 triggers an expression in Gene 2, however, the ex-

pression of Gene 2 triggers a repression in Gene 1 and Gene 3. Essentially, the nodes can be seen as the

gene expressions themselves, and the edges as the direction of influence between the gene expressions in

time [1]. In a bird flocking system, the graphical network gives the amount of influence that the motion of

each individual target (bird) receives on its motion by the trajectories of the rest of the group [3]. In a set

of chemical reactions, graphical networks encode information about the kinetics of the reactions involved

(i.e. change and rate of change of concentrations of reactants, products, and potential intermediates), as

well as the interactions between the chemical species of each reaction [5]. Gene expressions, moving targets,

chemical species and generally any component of a given system can be seen as a node of the network, and

the connectedness among components as the edges. Since not all of the nodes are expected to interact with

each other in time, the network has a structure which maintains the temporal links (or lack thereof) between

nodes. This structure is known as the topology of the system [7]. Mathematically, the graphical network is

represented by a matrix. Typically, this is a sparse matrix whose nonzero entries signify a connection be-

tween the nodes in time, and whose zero entries signify no connection. Its topology however, is represented

with a matrix that carries only the connectedness of the nodes, disregarding the strength of the individual

connections.

Networks can be directed or undirected [8]. Undirected networks assume a mutual link between two given

nodes and are described with symmetric matrices [9]. Directed networks dive deeper into the individual

directions of links between nodes, and are described with asymmetric matrices. Inferring directed networks
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from time-series data has proven to be a challenging task, as they do not share many of the nice mathematical

properties which arise in undirected networks (due to symmetry) [10]. The requirement of inferring a sparse

matrix adds quite a bit to the complexity of the task, as there is no direct and/or obvious way of selecting

which elements of the matrix to set to zero.

A common and suitable way of modeling dynamical systems for network inference is using autoregression

[11]. Vector autoregressive (VAR) models describe the relationship between current and past observations as

stochastic processes. Most common approaches to network inference have turned to regularization techniques

on VAR models by reformulating the problem as a linear regression, in which the coefficients of the regressors

represent the elements of the matrix describing the network [12, 13, 14]. In particular, the least absolute

shrinkage and selection operator (LASSO) [15] is capable of simultaneously giving an estimate of the network

coefficients and the topology [16, 17]. However, LASSO tends to overselect the coefficients, and can ignore

temporal dependence when applied to VAR models [18]. The network and topology estimation problem has

also received significant attention from the Bayesian community, commonly as a joint problem along with

tracking hidden states. In that context, hidden VAR models have become popular choices for dynamical

systems whose latent states can be directly or indirectly measured, but require estimation (usually done

through filtering). Many algorithms of iterative nature have been proposed in the literature. For instance,

[19] makes use of an automatic relevance determination (ARD) prior structure, which in essence, is a Bayesian

hierarchical model that induces sparsity by reducing the posterior distribution of the parameter to almost

a point mass at zero. The parameters of the model are estimated by expectation-maximization, and the

final estimates are pruned based on an arbitrarily chosen threshold. Implementation of this method was

demonstrated in the case where the true states are also unknown (only observed in noise), using particle

filtering (PF) [20, 21]. Another method proposed in [22] iteratively uses PF for the states and Kalman filtering

(KF) [23] for the elements of the network. The elements are assumed to follow a small Gaussian noise, to

allow for the use of KF. Then, the resulting estimates are sparsified via LASSO regularization. Further,

[24] uses multiple particle filtering (MPF) to track the evolution of gene expressions, and incorporates gene

topology inference by augmenting the topology as an unknown in the problem and finding its posterior.

Convergence of MPF, however, is not guaranteed as the particle weights are only approximated [25].
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Some other works have turned to Markov chain Monte Carlo (MCMC) [26, 27, 28, 29] sampling. In

particular, [30] derives a Gibbs sampler (GS) for topology inference in a hierarchical Bayesian model, which

incorporates informative priors based on the degree of the networks. Sparsity is induced by using spike and

slab priors for the elements in the network, which are distributions composed of some density (slab) and a

point mass (spike) at zero. Another approach in [3] uses KF to track the trajectory of bird flocking data, and

estimates their topology with a blocked GS (BGS). A more encompassing view of this method was proposed

by [31], in which a particle GS was designed to jointly estimate the hidden states as well as the topology

and the network in the model. Generally, proposed models are expressed only in terms of the network and

implicitly depend on the topology, making topology inference more challenging. Both previously mentioned

works, however, have found a way to explicitly extract the topology in the model, and it is the different

base sampling within the GSs that distinguishes the two approaches. Sampling the topology using GSs can

be challenging, since the estimate of each of its elements determines the flow of information and estimation

of the graphical network elements. This raises important questions related to network topology estimation

using Gibbs sampling: How do different methods of sampling affect the estimates? How does the convergence

rate change for the different samplers? Do the performances of the methods differ when handling higher

dimensional data? Generally, the greatest challenges in Bayesian inference emerge when working with a

large number of unknowns, which unfortunately happens in most real-world problems. In the literature,

these challenges which arise from the overwhelming number of unknown parameters fall under what is

known as the curse of dimensionality [32]. To tackle this issue, it is crucial to understand the behavior

of the system under varying conditions. This includes obtaining a clear relationship between number of

available observations (data size) and the number of unknown parameters (network size), understanding the

influence of the choice of prior distribution, and most importantly, analyzing the empirical performance of

the sampling algorithms at hand.1 This paper offers a new perspective on topology estimation using MCMC

schemes on a first-order linear VAR model. More specifically, GSs based on different sampling strategies are

derived and evaluated on the estimation of the network and its topology. Theoretically, any GS guarantees

convergence [29, 34, 35]. However, since the topology is not explicitly included in the model and it strictly

1Note that since our interest focuses on the coefficients and the topology, we make the assumption that the observations are
the true states. In a scenario where the evolution of the states requires tracking as well, these methods can easily be coupled
with PF based approaches [33] applied to hidden VAR models to capture a full analysis of the considered dynamical system.
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dictates the estimation for the network coefficients, its integration in the GS poses additional difficulties such

as blocking the proper flow of the sampler or leading to extremely slow convergence. The contributions of

this paper are in the design of novel strategies based on Gibbs sampling for network and topology estimation,

and a detailed comparative analysis of the proposed methods. In particular, the effects of the scanning order

for the sampling, point estimation, marginal versus blocked Gibbs sampling, and matrix versus element wise

sampling are considered. Simulations comparing the relationship between different choices of prior, number

of observations, and dimension size are shown for synthetic data. The newly proposed Gibbs-based sampler

with the highest performance is also applied to a real world problem of a case related to estimation of

financial networks. Additionally, LASSO regularization is implemented to both the synthetic and real data

to further assess the performance of the considered samplers.

2 Problem Formulation
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Figure 2: Network of dimension dy = 3.

In a first order VAR model, the current measurement is con-

ditionally independent of all the past measurements given

the last measurement, preserving a Markovian property

[36]. Bayesian inference is a suitable way to analyze a VAR

model [37]. Initially, all the beliefs about the unknown pa-

rameters in a model before acquiring any data are summa-

rized by a prior distribution. Then, the collected observations formulate a likelihood function, which serves

to filter out the improbable values from the prior via Bayes’ theorem [37]. The resulting updated distri-

bution carries all the relevant information about the unknown parameters, and is known as the posterior

distribution. In this work, we consider the following first-order linear VAR model:

y1 ∼ p(y1)

yt = Cyt−1 + ut, t = 2, . . . , T,

(1)
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with observations {yt ∈ Rdy}Tt=1 whose transition is governed by the coefficient matrix C ∈ Rdy×dy , and

corrupted by Gaussian noise ut ∼ N (0, σ2Idy ). The elements of C describe the interactions between each

of the univariate time-series observations. In particular, the element Cjk represents a linear relationship

between yj,t and yk,t−1. If yk,t−1 does not affect yj,t, then their corresponding transition element Cjk = 0.

From a graphical point of view, the time-series {yt ∈ Rdy}Tt=1 are considered nodes in the network, whose

edges are laid out in the coefficient matrix C. In this way, C represents the directed graphical network of

the system (see Fig. 2). It is worth mentioning that causal relationships between time-series (commonly

modeled with lagged terms) are often examined using Granger causality tests [38], and in that sense, our

formulation can be seen as a VAR model with a lag order of 1.

Let A denote the adjacency matrix of the network C. The adjacency matrix represents the topology

network, containing information only about the presence or absence of connections between nodes. More

formally, its elements are defined as

Ajk =


0, if Cjk = 0,

1, if Cjk 6= 0

(2)

for j = 1, . . . , dy, and k = 1, . . . , dy. Essentially, it holds the causal relationships of the nodes in time, which

is crucial to understand the system and its evolution.

In the following sections, we describe and compare the performance of several existing (Algorithms 2, 3

and 7) and newly proposed (Algorithms 4 - 6, and 8 - 11) schemes based on Gibbs sampling for estimation of

the topology A and the network coefficient C. Specifically, we focus on the importance of the scanning order,

and emphasize the differences between vanilla Gibbs sampling [39] and blocked Gibbs sampling [40]. Here,

vanilla Gibbs sampling refers to sampling each parameter directly from its marginal conditional posterior

distribution, as in agreement with the definition of Gibbs sampling (see Section 3 .1), and blocked Gibbs

sampling refers to sampling groups of parameters from their joint posterior distribution (see Section 3 .2).
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3 Gibbs Sampling

A GS is a MCMC algorithm, which generates samples from the posterior distribution of a set of unknown

static parameters in a probabilistic model [39]. It does so by iteratively sampling each unknown from its

respective conditional posterior distribution, while keeping the rest of the unknown parameters fixed to

the most recently sampled values. Ultimately, a Markov chain is generated whose stationary distribution

converges to the true joint posterior, providing a set of samples for each unknown [41, 34].

3 .1 Gibbs Sampler

Here, we illustrate the principle of a GS in a simple case of three unknowns. Let θ = [θ1, θ2, θ3]> contain

all the static unknown parameters in a model. Given a set of observations y1:T , we seek to obtain the joint

posterior distribution p(θ1, θ2, θ3|y1:T ) = p(θ|y1:T ). A GS iteratively follows the steps

i) θ
(i)
1 ∼ p(θ1|θ

(i−1)
2 , θ

(i−1)
3 ,y1:T )

ii) θ
(i)
2 ∼ p(θ2|θ

(i)
1 , θ

(i−1)
3 ,y1:T )

iii) θ
(i)
3 ∼ p(θ3|θ

(i)
1 , θ

(i)
2 ,y1:T )

for i = 1, . . . , I. The collected samples of each unknown are stored. A burn-in period I0 is set out to avoid

errors introduced by the early samples drawn prior to the convergence of the simulated Markov chain [41].

Thus, the first I0 samples are discarded, and the Markov chain obtained is X =
{
θ
(i)
1 , θ

(i)
2 , θ

(i)
3

}I
i=I0+1

.

3 .2 Blocked Gibbs Sampler

To implement a GS, it is crucial to be able to not only derive closed form expressions of the conditional

posterior distributions, but also sample from them with ease. In most scenarios, this is a nontrivial task.

Approaches that sample from posterior approximations have been proposed, however, at a much higher

computational cost [42]. One possible alternative is to use a BGS. [40]. A BGS groups two or more

parameters and samples from their joint conditional distribution, rather than from their individual marginals.
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Continuing with the simple example described above, a BGS which groups, say, θ1 and θ2 would sample as

i) [θ
(i)
1 , θ

(i)
2 ]> ∼ p(θ1, θ2|θ(i−1)3 ,y1:T )

ii) θ
(i)
3 ∼ p(θ3|θ(i)1 , θ

(i)
2 ,y1:T )

for i = 1, . . . , I. Similarly as before, a burn-in period I0 is applied to discard the early samples. In cases

where it is tricky to sample directly from the joint distribution, one could sequentially sample from the

product terms

p(θ1, θ2|θ3,y1:T ) = p(θ2|θ1, θ3,y1:T )p(θ1|θ3,y1:T ) (3)

in the following order

i) θ
(i)
1 ∼ p(θ1|θ

(i−1)
3 ,y1:T )

ii) θ
(i)
2 ∼ p(θ2|θ

(i)
1 , θ

(i−1)
3 ,y1:T )

iii) θ
(i)
3 ∼ p(θ3|θ

(i)
1 , θ

(i)
2 ,y1:T ).

In this way, θ1 is sampled independently from θ2, and θ2 is sampled conditioned on the current θ1. Depending

on the problem at hand, the sampling order of θ1 and θ2 can and/or may need to be switched if it is easier

to obtain the distributions with the condition reversed i.e. p(θ1|θ2, θ3,y1:T ) and p(θ2|θ3,y1:T ).

4 Proposed Samplers

In the current form, the VAR model in (1) is parameterized only by C. In order to explicitly include

the topology, the model can be alternatively written by decomposing the coefficient matrix into C = A ◦ C̃,

where C̃ is the same as the coefficient matrix C if and only if the network is fully connected (i.e. all Ajk = 1),

and ◦ denotes the Hadamard product. The model becomes

yt = (A ◦ C̃)yt−1 + ut, t = 2, . . . , T. (4)
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Algorithm 1 Gibbs Sampler

1: Initialization: Set A
(0)
jk ∼ Bernoulli(ρ), for j = 1, . . . , dy, for k = 1, . . . , dy

2: for i = 1, . . . , I do
3: Sample C̃(i) from the exact conditional

C̃(i) ∼ p(C̃|A(i−1),y1:T )

4: Sample A(i) from the exact conditional

A(i) ∼ p(A|C̃(i),y1:T )

5: end for
6: Output: Return XGS = {C̃(i),A(i)}Ii=I0+1.

Now, the unknowns for the GS are θ = [C̃,A]. The general structure of the sampler is summarized in

Algorithm 1. Once the sampler has converged, it gives us the Markov chain XGS =
{

C̃(i),A(i),
}I
i=I0+1

.

In general, C̃ can be sampled either by matrix, vector by vector, or element by element. However, unlike

C̃, sampling A can only be done element by element as the posterior distribution of the whole matrix A is

intractable. For brevity, we will consider only cases which sample by matrix and element by element. In this

section, we discuss 10 different GSs based on various sampling strategies (three existing and seven novel).

The newly proposed schemes summarized in Algorithms 4 - 6 differ in the order and manner that sampling

is performed, and the schemes in Algorithm 8 - 11 in the overall estimation of the network and its topology

by combining point estimates with Gibbs sampling. Detailed derivations for the posterior distributions of

each of the samplers can be found in the Appendix. Note that for simplicity in the notation we employ the

variable Sθ to denote a collection of all the most recently obtained (sampled, estimated or initialized) values

of some vector of unknowns θ; this includes samples from both iteration i and i − 1. Further, we use θ−jk

to denote a vector which contains all the elements of θ excluding the element θjk.

4 .1 Element Gibbs Sampler

We start by constructing a GS as described in Section 3 .1, which samples C̃ element by element. We refer

to it as element GS (EGS). Sampling the element C̃jk needs special consideration as it depends on the most

recently sampled value of the corresponding topology element Ajk. If A
(i−1)
jk = 0, then no information about

C̃jk is carried to iteration i, so we must sample C̃
(i)
jk from its prior.
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Sampling C̃jk

Let p(C̃jk) = N (0, σ2
c ) be the prior distribution of C̃jk. Then, its posterior can be found as

p(C̃jk|C̃−jk,A,y1:T ) ∝ p(C̃jk)p(y1:T |C̃jk, C̃−jk,A)

∝ p(C̃jk)

T∏
t=2

p(yt|yt−1, C̃,A) = N (C̃jk|µ̃jk, σ̃2
jk),

(5)

where we define

µ̃jk =
σ̃2
jk

σ2
Ajk

T∑
t=2

(yjtyk,t−1 − yk,t−1
dy∑
m=1
m6=k

AjmC̃jmym,t−1), σ̃2
jk =

σ2
cσ

2

Ajk
2σ2
c

∑T
t=2 y

2
k,t−1 + σ2

. (6)

These parameters are conceptually consistent with the sampling dependence of C̃jk on Ajk.

Sampling Ajk

The posterior distribution of a single element Ajk of the topology for the EGS can be expressed as

p(Ajk|C̃,A−jk,y1:T ) ∝ p(Ajk)p(y1:T |C̃, Ajk,A−jk)

∝ p(Ajk)

T∏
t=2

p(yt|yt−1, C̃, Ajk,A−jk)

(7)

where we assume that C̃ and Ajk, for j = 1, . . . , dy, for k = 1, . . . , dy, are independent in their priors, and

take the prior p(Ajk) = Bernoulli(ρ). Further, we define

α+
jk = p(Ajk = 1)

T∏
t=2

p(yt|yt−1, C̃, Ajk = 1,A−jk)

α−jk = p(Ajk = 0)

T∏
t=2

p(yt|yt−1, C̃, Ajk = 0,A−jk).

(8)

to be the unnormalized probabilities that Ajk = 1 and Ajk = 0, respectively. From here, the conditional

posterior probability that Ajk = 1 is

αjk =
α+
jk

α+
jk + α−jk

. (9)

The pseudocode for the EGS is shown in Algorithm 2.
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Algorithm 2 Element Gibbs Sampler

1: Initialization:
Set Ajk

(0) ∼ Bernoulli(ρ), C̃
(0)
jk ∼ N (0, σ2

c ),
for j = 1, . . . , dy, for k = 1, . . . , dy.

2: for i = 1, . . . , I do
3: for j = 1, . . . , dy do
4: for k = 1, . . . , dy do

5: Sample C̃
(i)
jk from (6)

C̃
(i)
jk ∼ N (C̃jk|µ̃jk, σ̃2

jk)

6: Sample A
(i−1)
jk from (9)

A
(i)
jk ∼ p(Ajk|SC̃,SA−jk

,y1:T )

7: end for
8: end for
9: end for

10: Output: XEGS = {C̃(i),A(i)}Ii=I0+1.

Algorithm 3 Element Gibbs Sampler reversed

1: Initialization:
Set Ajk

(0) ∼ Bernoulli(ρ), C̃
(0)
jk ∼ N (0, σ2

c ),
for j = 1, . . . , dy, for k = 1, . . . , dy.

2: for i = 1, . . . , I do
3: for j = 1, . . . , dy do
4: for k = 1, . . . , dy do

5: Sample A
(i)
jk from (9)

A
(i)
jk ∼ p(Ajk|SC̃,SA−jk

,y1:T )

6: Sample C̃
(i)
jk from (6)

C̃
(i)
jk ∼ N (C̃jk|µ̃jk, σ̃2

jk)

7: end for
8: end for
9: end for

10: Output: XEGSr = {C̃(i),A(i)}Ii=I0+1.

4 .2 Element Gibbs Sampler reversed

As we want to test the effect of the scanning order in the sampling on the convergence of the methods, we

construct a sampler which samples the topology elements first, followed by the coefficient elements. In this

case, we simply reverse the order of sampling Ajk and C̃jk and use the same conditional posteriors given

in Section 4 .1. We refer to this sampler as element GS reversed (EGSr). Side to side comparison of the

algorithms for EGS and EGSr is shown in Algorithms 2 and 3.

4 .3 Matrix Gibbs Sampler

Here, we construct a GS which samples C̃ by matrix, and the topology A element by element. This changes

the dependence between the elements of C̃ when sampling, as compared to the EGSs. We refer to this

sampler as matrix GS (MGS).

Sampling C̃

We start by writing

p(C̃|A,y1:T ) ∝ p(C̃)p(y1:T |C̃,A) (10)
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where p(C̃) is the prior of C̃. First we find the likelihood

p(y1:T |C̃,A) ∝
T∏
t=2

p(yt|yt−1, C̃,A)

=

T∏
t=2

N (yt|Cyt−1, σ
2Idy )

∝
T∏
t=2

exp

(
− 1

2σ2
tr
[
y>t−1C

>Cyt−1 − 2y>t−1C
>yt

])

∝MN (C|M,U,V)

(11)

with M = 1
σ2 U

∑T
t=2 yty

>
t−1, U = σ2(

∑T
t=2 yt−1y

>
t−1)−1, V = Idy .

For convenience, we can use the vectorized version of the matrix normal distribution. Let c = vec(C) =

vec(A ◦ C̃), c̃ = vec(C̃), a = vec(A), and the prior p(c̃) = N (c̃|0, σ2
c Idy2). Then, it follows that N (c|µ,Σ)

is the multivariate normal equivalent ofMN (C|M,U,V), with µ = vec(M), and Σ = U⊗V. In this form,

we can write the likelihood as

p(y1:T |c̃,a) ∝ exp

(
−1

2
(c>Σ−1c− 2c>Σ−1µ)

)
= exp

(
−1

2
(c̃>DaΣ−1Dac̃− 2c̃>DaΣ−1µ)

)
,

(12)

where Da ∈ Rdy2×dy2

is a diagonal matrix whose diagonal entries are the elements in a, and we use the fact

that c> = vec(A ◦ C̃)> = c̃>Da.

Finally, we combine with the prior to obtain

p(c̃)p(y1:T |c̃,a) ∝ N (c̃|0, σ2
c Idy2)N (c̃|µ,Σ)

∝ exp

(
− 1

2σ2
c

c̃>c̃

)
exp

(
−1

2
(c̃>DaΣ−1Dac̃− 2c̃>DaΣ−1µ)

)
∝ exp

(
−1

2
(c̃>(DaΣ−1Da +

1

σ2
c

)c̃− 2c̃>DaΣ−1µ)

)
= exp

(
−1

2
(c̃>Σ̃

−1
vecc̃− 2c>Σ̃

−1
vecµ̃vec)

)
∝ N (c̃|µ̃vec, Σ̃vec)

(13)
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with µ̃vec = Σ̃vecDaΣ−1µ, Σ̃vec = (DaΣ−1Da + 1
σ2
c
I)−1. Note that, the dependence on the values of

all the topology elements Ajk is accounted for in the parameters. The covariance components in Σ̃vec are

equal to the corresponding σ2
jk found in (6), however, the expressions of the means slightly differ. The mean

µ̃jk found in (6) uses samples of the jth row of C, and the mean µ̃vec depends solely on the data.

Sampling Ajk

Since the topology cannot be sampled by matrix, we sample it element by element using the distribution

given by equations (7) - (9).

4 .4 Matrix Gibbs Sampler reversed

Similarly as before, the scanning order for the matrix GS reversed (MGSr) is obtained by simply switching

the order of sampling of the elements Ajk and the matrix C̃, using the distributions given in Section 4 .3.

Side by side comparison of the MGS and MGSr is presented in Algorithms 4 and 5.

Algorithm 4 Matrix Gibbs Sampler

1: Initialization: Set A
(0)
jk ∼ Bernoulli(ρ),

for j = 1, . . . , dy, for k = 1, . . . , dy
2: for i = 1, . . . , I do
3: Sample from (13)

c̃(i) ∼ N (c̃|µ̃vec, Σ̃vec)

4: Reshape c̃ as

C̃(i) = matrix(c̃(i))

5: for j = 1, . . . , dx do
6: for k = 1, . . . , dx do

7: Sample A
(i)
jk from (9)

A
(i)
jk ∼ p(Ajk|C̃

(i),SA−jk
,y1:T )

8: end for
9: end for

10: end for
11: Output: XMGS = {C̃(i),A(i)}Ii=I0+1

Algorithm 5 Matrix Gibbs Sampler reversed

1: Initialization: Set c̃(0) ∼ N (0dy2 , σ2
c Idy2)

Reshape c̃(0) as C̃(0) = matrix(c̃(0))
2: for i = 1, . . . , I do
3: for j = 1, . . . , dx do
4: for k = 1, . . . , dx do

5: Sample A
(i)
jk from (9)

A
(i)
jk ∼ p(Ajk|C̃

(i−1),SA−jk
,y1:T )

6: end for
7: end for
8: Sample from (13)

c̃(i) ∼ N (c̃|µ̃vec, Σ̃vec)

9: Reshape c̃ as

C̃(i) = matrix(c̃(i))

10: end for
11: Output: XMGSr = {C̃(i),A(i)}Ii=I0+1
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4 .5 Element Blocked Gibbs Sampler

Here, we construct a BGS as described in Section 3 .2 which jointly samples C̃jk and Ajk in that order.

We refer to this sampler as element BGS (EBGS). Jointly sampling the network coefficients and topology

elements seems intuitive, and may affect the propagation of information within the sampler. The joint

posterior distribution of the elements can be written as

p(C̃jk, Ajk|C̃−jk,A−jk,y1:T ) = p(Ajk|C̃jk, C̃−jk,A−jk,y1:T )p(C̃jk|C̃−jk,A−jk,y1:T ). (14)

Sampling C̃jk

Unlike before, here we are not given the value of Ajk. In order to find the posterior of C̃jk we must sum out

all the possibilities of Ajk, i.e.

p(C̃jk|C̃−jk,A−jk,y1:T ) =

1∑
Ajk=0

p(Ajk)p(C̃jk|C̃−jk, Ajk,A−jk,y1:T )

=

1∑
Ajk=0

ρAjk(1− ρ)1−AjkN (µ̃jk(Ajk), σ̃2
jk(Ajk))

= ρN (µ̃1, σ̃
2
1) + (1− ρ)N (0, σ2

c )

(15)

which results in a mixture of two Gaussian distributions with mixing proportions ρ and 1 − ρ. Note that

µ̃jk(Ajk = 1) = µ̃1, σ̃2
jk(Ajk = 1) = σ̃2

1 , µ̃jk(Ajk = 0) = 0, and σ̃2
jk(Ajk = 0) = σ2

c

Sampling Ajk

The distribution required to sample Ajk in the EBGS is equal to that required in the EGSs and is given by

equations (7) - (9).

4 .6 Element Blocked Gibbs Sampler reversed

Reversing the sampling order in BGSs is not as trivial as in vanilla GSs. Here, we construct a BGS which

reverses the order of sampling of the elements C̃jk and Ajk, and we refer to it as EBGS reversed (EBGSr).
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In this case, we write the joint posterior as

p(C̃jk, Ajk|C̃−jk,A−jk,y1:T ) = p(C̃jk|C̃−jk, Ajk,A−jk,y1:T )p(Ajk|C̃−jk,A−jk,y1:T ). (16)

and C̃jk is needed to sample Ajk.

Sampling Ajk

To find p(Ajk|C̃−jk,A−jk,y1:T ), we can integrate out all the possible values of C̃jk by writing

p(Ajk|C̃−jk,A−jk,y1:T ) ∝ p(Ajk|C̃−jk,A−jk)p(y1:T |C̃−jk, Ajk,A−jk)

∝ p(Ajk)

∫
p(C̃jk|C̃−jk, Ajk,A−jk)p(y1:T |C̃jk, C̃−jk, Ajk,A−jk)dC̃jk

= p(Ajk)

∫
p(C̃jk)p(y1)

T∏
t=2

p(yt|yt−1, C̃,A)dC̃jk

∝ Bernoulli(ρ)

∫
N (C̃jk|0, σ2

c )

T∏
t=2

N (yt|Cyt−1, σ
2Idy )dC̃jk

∝ Bernoulli(ρ)

∫
exp

(
− 1

2σ̃2
jk

(−µ̃2
jk)

)
N (C̃jk|µ̃jk, σ̃2

jk)dC̃jk

= ρAjk(1− ρ)1−Ajk exp

(
µ̃2
jk

2σ̃2
jk

)
(2πσ̃2

jk)
1
2 .

(17)

Similar as in Section (4 .1), we find the unnormalized probabilities that Ajk = 0 and Ajk = 1 as

α̃+
jk = ρ(2πσ̃2

1)
1
2 exp

(
µ̃2
1

2σ̃2
1

)
α̃−jk = (1− ρ)(2πσ̃2

c )
1
2

(18)

where µ̃1 = µ̃jk(Ajk = 1), and σ̃2
1 = σ̃2

jk(Ajk = 1). Finally, we obtain the probability that Ajk = 1 as

α̃jk =
α̃+
jk

α̃+
jk + α̃−jk

. (19)
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Algorithm 6 Element Blocked Gibbs Sampler

1: Initialization:
Set Ajk

(0) ∼ Bernoulli(ρ), C̃
(0)
jk ∼ N (0, σ2

c ),
for j = 1, . . . , dy, for k = 1, . . . , dy.

2: for i = 1, . . . , I do
3: for j = 1, . . . , dy do
4: for k = 1, . . . , dy do

5: Sample C̃
(i)
jk from (15) as

C̃
(i)
jk ∼ p(C̃jk|SC̃−jk

,SA−jk
,y1:T )

6: Sample A
(i−1)
jk from (9)

A
(i)
jk ∼ p(Ajk|SC̃,SA−jk

,y1:T )

7: end for
8: end for
9: end for

10: Output: XEBGS = {C̃(i),A(i)}Ii=I0+1.

Algorithm 7 Element Blocked Gibbs Sampler reversed

1: Initialization:
Set Ajk

(0) ∼ Bernoulli(ρ), C̃
(0)
jk ∼ N (0, σ2

c ),
for j = 1, . . . , dy, for k = 1, . . . , dy.

2: for i = 1, . . . , I do
3: for j = 1, . . . , dy do
4: for k = 1, . . . , dy do

5: Sample A
(i−1)
jk from (19) as

A
(i)
jk ∼ p(Ajk|SC̃−jk

,SA−jk
,y1:T )

6: Sample C̃
(i)
jk from (6)

C̃
(i)
jk ∼ N (C̃jk|µ̃jk, σ̃2

jk)

7: end for
8: end for
9: end for

10: Output: XEBGSr = {C̃(i),A(i)}Ii=I0+1.

Sampling C̃jk

The required distribution for sampling C̃jk in the EBGSr is the same as that of the EGS (and EGSr) and

is given by equation (6). The pseudocodes for the EBGS and EBGSr are shown side to side in Algorithms

6 and 7.

Note that the derivations, unfortunately, do not permit constructing matrix BGSs as they require sam-

pling A as a matrix, which is not possible. In this case, we cannot circumvent this issue with sampling A

element by element, as we would need to sample C̃ and A jointly.

4 .7 Maximum A Posteriori Element Gibbs Sampler

We now introduce a group of samplers which combine point estimation with Gibbs sampling to obtain the

network and its topology. First, we have the Maximum A Posteriori EGS (MAP EGS), which takes the

MAP estimate of C̃ element by element. The MAP estimate is calculated twice: (1) using a fully connected

topology A, and (2) using an estimated topology Â. More specifically, the algorithm is initialized by sampling

C̃jk from its prior for all elements in C̃, and setting Ajk = 1 for all elements in A. Then, a MAP estimate

C̃jkMAP of the element C̃jk is obtained as
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Algorithm 8 MAP Element Gibbs Sampler

1: Initialization:
Set Ajk

(0) = 1, C̃
(0)
jk ∼ N (0, σ2

c ),
for j = 1, . . . , dy, for k = 1, . . . , dy.

2: Obtain MAP estimate of C̃jk from (20) as

C̃jkMAP = arg max
C̃jk

p(C̃jk|SC̃−jk
,A(0),y1:T )

for j = 1, . . . , dy, for k = 1, . . . , dy.
3: for i = 1, . . . , I do
4: for j = 1, . . . , dy do
5: for k = 1, . . . , dy do

6: Sample A
(i)
jk from (9)

A
(i)
jk ∼ p(Ajk|c̃MAP ,SA−jk

,y1:T )

7: end for
8: end for
9: end for

10: Obtain MAP estimate of C̃jk from (20) as

C̃jkMAP = arg max
C̃jk

p(C̃jk|SC̃−jk
, Â,y1:T )

for j = 1, . . . , dy, for k = 1, . . . , dy.
11: Output: c̃MAP , XMAPEGS = {A(i)}Ii=I0+1.

Algorithm 9 ML Element Gibbs Sampler

1: Initialization:
Set Ajk

(0) = 1, C̃
(0)
jk ∼ N (0, σ2

c ),
for j = 1, . . . , dy, for k = 1, . . . , dy.

2: Obtain ML estimate of C̃jk from (21) as

C̃jkML = arg max
C̃jk

p(y1:T |C̃,A(0))

for j = 1, . . . , dy, for k = 1, . . . , dy.
3: for i = 1, . . . , I do
4: for j = 1, . . . , dy do
5: for k = 1, . . . , dy do

6: Sample A
(i)
jk from (9)

A
(i)
jk ∼ p(Ajk|c̃ML,SA−jk

,y1:T )

7: end for
8: end for
9: end for

10: Obtain ML estimate of C̃jk from (21) as

C̃jkML = arg max
C̃jk

p(y1:T |C̃, Â)

for j = 1, . . . , dy, for k = 1, . . . , dy.
11: Output: c̃ML, XMLEGS = {A(i)}Ii=I0+1

C̃jkMAP = arg max
C̃jk

p(C̃jk|SC̃−jk
,A,y1:T ), (20)

where p(C̃jk|SC̃−jk
,A,y1:T ) is the posterior distribution of C̃jk. Let c̃MAP denote a vector containing the

estimated elements C̃jkMAP for all j and k. Then, Gibbs sampling is used to acquire Â according to (7)-(9),

using the c̃MAP obtained in the previous step. Once the 0s in the topology are fixed (Â is obtained), the

corresponding elements in C̃ are fixed to 0, and the rest are re-estimated as in (20). The pseudocode of the

MAP EGS is summarized in Algorithm 8.

4 .8 Maximum Likelihood Element Gibbs Sampler

The Maximum Likelihood EGS (ML EGS) is equivalent in structure to the MAP EGS, where instead of

MAP, maximum likelihood (ML) is used for point estimation of all the elements C̃jk. In particular, the ML
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estimate C̃jkML of every element C̃jk is obtained as

C̃jkML = arg max
C̃jk

p(y1:T |C̃,A), (21)

where p(y1:T |C̃,A) is the likelihood distribution. Similarly as in Section 4 .7, let c̃ML denote a vector

containing the estimated elements C̃jkML for all j and k, which is a quantity used in the sampling of A.

The comparison of these two samplers (MAP EGS and ML EGS) highlights the differences in performance

between MAP and ML estimation, especially in the results from the GS. The pseudocode for the ML EGS

is given in Algorithm 9, together with that of the MAP EGS.

4 .9 Maximum A Posteriori Matrix Gibbs Sampler

Following Sections 4 .7 and 4 .8, we propose the Maximum A Posteriori MGS (MAP MGS), which samples

the topology A according to (7) - (9), using the matrix MAP estimate of C̃. In this case, the initial MAP

estimate C̃MAP is obtained by matrix as

C̃MAP = arg max
C̃

p(C̃|y1:T ,A), (22)

assuming a fully connected topology. This ensures that the estimate is obtained solely based on the data

and the prior p(C̃). Similarly as before, once Â is obtained from the GS, the 0s in C̃ are fixed, and the

rest of the elements are re-estimated together using MAP. The pseudocode of the MAP MGS is provided in

Algorithm 10.

4 .10 Maximum Likelihood Matrix Gibbs Sampler

Finally, we propose the Maximum Likelihood MGS (ML MGS), equivalent in structure to the MAP MGS,

where instead of MAP, the matrix ML estimate of C̃ is used. The matrix ML estimate C̃ML is obtained as

C̃ML = arg max
C̃

p(y1:T |C̃,A), (23)
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Algorithm 10 MAP Matrix Gibbs Sampler

1: Initialization: Set A
(0)
jk = 1, for j = 1, . . . , dy,

for k = 1, . . . , dy
2: Obtain MAP estimate of C̃ from (22) as

C̃MAP = arg max
C̃

p(C̃|y1:T ,A
(0)) (24)

3: for i = 1, . . . , I do
4: for j = 1, . . . , dx do
5: for k = 1, . . . , dx do

6: Sample A
(i)
jk from (9) as

A
(i)
jk ∼ p(Ajk|C̃MAP ,SA−jk

,y1:T )

7: end for
8: end for
9: end for

10: Return: XMAPMGS = {A(i)}Ii=I0+1.
11: Re-estimate from (22) as

C̃MAP = arg max
C̃

p(C̃|y1:T , Â) (25)

12: Output: C̃MAP , Â.

Algorithm 11 ML Matrix Gibbs Sampler

1: Initialization: Set A
(0)
jk = 1, for j = 1, . . . , dy,

for k = 1, . . . , dy
2: Obtain ML estimate of C̃ from (23) as

C̃ML = arg max
C̃

p(y1:T |C̃,A(0)) (26)

3: for i = 1, . . . , I do
4: for j = 1, . . . , dx do
5: for k = 1, . . . , dx do

6: Sample A
(i)
jk from (9) as

A
(i)
jk ∼ p(Ajk|C̃ML,SA−jk

,y1:T )

7: end for
8: end for
9: end for

10: Return: XMLMGS = {A(i)}Ii=I0+1.
11: Re-estimate from (23) as

C̃ML = arg max
C̃

p(y1:T |C̃, Â) (27)

12: Output: C̃ML, Â.

assuming a fully connected topology. Once the estimate Â is obtained from the GS, the corresponding

connected elements in C̃ are re-estimated together using ML, and the rest are fixed to 0. The pseudocode

of the ML MGS is summarized in Algorithm 11, in parallel with that of the MAP MGS.

The construction of point estimate GSs (Sections 4 .7 - 4 .10) was motivated by their simplicity. As they

are based on a slightly different model, they are not expected to converge towards the same topology as the

first group of the samplers (Sections 4 .1 - 4 .6). However, their performance will provide a clear sense of

the trade-off between simplicity and accuracy.

4 .11 Least Absolute Shrinkage and Selection Operator

The LASSO [15] is a popular optimization-based method which simultaneously performs parameter estima-

tion and elimination. We include it here as we will compare its performance to the considered GSs. The

cost function is the same as that of well-known least squares plus an L1 penalty term that helps remove re-

dundant parameters in the model. This attribute makes LASSO a perfect candidate approach to estimating

the sparse matrix C.

19



Let yj,2:T = [yj2, yj3, . . . , yjT ]> ∈ R(T−1) and YT−1 = [y1,1:T−1,y2,1:T−1, . . . ,ydy,1:T−1] ∈ R(T−1)×dy .

The model in (1) can be written as

yj,2:T = YT−1cj + uj , for j = 1, . . . , dy, (28)

where cj ∈ Rdy denotes the jth row of C, and uj ∼ N (0, σ2IT−1). The objective is to construct the cost

function and optimize it over the parameters cj for each row in C. Ultimately, we obtain the estimate ĉj as

ĉj =cj∈Rdy

{
||yj,2:T −YT−1cj ||22 − λj ||cj ||1

}
, for j = 1, . . . , dy, (29)

with shrinkage parameter λj . Interestingly, LASSO can be interpreted from a Bayesian perspective by

assigning a double exponential prior to the regressor coefficients [43]. In this case, we assign a Laplace prior

to the elements in cj parameterized as L(Cjk|0, σc√
2
), which gives a shrinkage parameter λj = 2

√
2σ

2

σc
.

5 Results & Discussion

The proposed samplers were applied and evaluated on synthetic data to obtain and analyze performance

based on different factors including dimension size, data size, prior variance, and also to compare convergence

rates. Then, the best performing sampler was selected and applied to a financial system. As a popular

regression and feature selection method, LASSO was implemented on both the synthetic and real data and

compared to all of the samplers. Details and discussions are provided in the following subsections.

5 .1 Synthetic Data

We carried out experiments varying the dimension of the state vector dy, the number of observations T ,

and the prior variance σ2
c . The noise variance σ2 is inherent to the data, and it was assumed to be known.

The number of iterations was I = 3500 with a burn-in period of I0 = 1500. The estimate Â was obtained

by taking the element-wise mode of the topology samples, and the estimate ˆ̃C by taking the element-wise

mean of the network coefficients samples from each iteration. The final estimate of the coefficient matrix C
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was calculated using the Hadamard product Ĉ = ˆ̃C ◦ Â. The topology estimation was evaluated using the

classical metrics: precision (PR), recall (RE), and F-score (FS) defined as

Precision =
TP

TP + FP
, Recall =

TP

TP + FN
, F-score = 2× Precision× Recall

Precision + Recall

where TP denotes true positives, TN true negatives, FP false positives, and FN false negatives. Further, the

network estimation was evaluated using the mean squared error (MSE), given by the Frobenius norm:

MSE(Ĉ) =
1

d2y

dy∑
j=1

dy∑
k=1

(Cjk − Ĉjk)2.

The computed FSs and MSEs were averaged over R = 100 independent runs. At each run, a new time series

was generated to account for data variability. Note that the MSE values depend on the topology estimation

of the sampler, since the estimate Ĉ holds the structure of Â. Finally, LASSO was implemented as described

in Section 4 .11, with a 10 fold cross-validation for R = 100 independent runs as well.

The performance of the samplers as a function of dimension dy with a fixed number of observations

T = 100 and prior variance σ2
c = 0.1 are plotted in Fig. 3. We tested dy ∈ {5, 10, 15, 20, 25, 30}, before some

of the samplers collapsed from numerical issues. At first glance, it is clear that the EGSs (EGS and EGSr),

as well as the MGSs (MGS and MGSr) yield indistinguishable performance, respectively, implying that

reversing the order of sampling in vanilla GSs does not make a difference. This is expected, since reversing

the order in this case requires use of the same exact sampling distributions. The dimension size does not

seem to affect the performance of the EGSs, in contrast to the performance of the MGSs, which gradually

drops past dimension dy = 15. This drift in estimation may stem from the difference in dependence of the

posterior means on the network coefficients. More specifically, the posterior mean µ̃jk from (6) uses the

samples from the rest of the elements in the jth row of C̃, whereas the posterior µ̃vec from (13) only relies

on information from the time-series data, the topology, and the prior of C̃, but not from any of the samples

of C̃. This discrepancy becomes significant for higher dimensions. Moreover, the EGSs are less likely to

cause any numerical instability when implemented, as they are purely based on scalar computations. The

MGSs require matrix operations such as inversion (using Cholesky decomposition [44]) and become unstable
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Figure 3: Performance of samplers with increasing dimensions. Conditions: T = 100, σ2
c = 0.1.

for higher dimensions. The implementation resorts to approximations when numbers are small, resulting in

seemingly singular matrices i.e. numerical underflow [45].

Theoretically, the conditional sampling in both of the element blocked samplers (EBGS and EBGSr)

should ultimately yield samples drawn from the same joint posterior distribution. However, the two samplers

exhibit drastically different behaviors. The performance of the EBGSr is considerably worse than the rest

of the samplers. It is worth pointing out that its FS does not seem to be affected by its corresponding

MSE, although both estimates are poor. In the EBGSr, the topology element is sampled first. A closer look

at the probability of Ajk = 0, (i.e., α̃−jk from (18)), reveals that its expression is formulated mainly with

prior knowledge of C̃jk and Ajk, and any data dependence is canceled out when evaluating it with Ajk = 0.

In contrast, the expression of α−jk from (8), comprises both data and samples from the jth row of C̃ and

A. This distinction facilitates the isolated behavior for the FS as well as an ineffective use of information

within the EBGSr. Overall, while jointly sampling the topology and network elements is intuitively sound,

implementing it by conditional sampling adversely affects its performance and may not be the best choice

for the network topology estimation task.

Both of the point estimate element samplers (MAP EGS and ML EGS) significantly drop in performance

with increasing dimensions. Like the EGSs, the point estimate EGSs use the rest of the elements in the jth

row of C̃ for estimation. However, the key difference is that the EGSs perform sampling of each element,
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Figure 4: Rate of convergence of samplers. Conditions: dy = 10, σ2
c = 0.1, T = 100.

allowing for continuous improvement over GS iterations, whereas the point estimate EGSs only estimate the

elements in C̃ once before and after the GS for A. Moreover, while the point estimate matrix samplers (MAP

MGS and ML MGS) are based on the same idea as MAP EGS and ML EGS, the superior performance of

the point estimate MGSs is that the estimation used relies solely on the data, which in this case bring more

information than elements in C̃.

LASSO’s performance with increasing dimensions of the state is more stable than the rest of the samplers

with the exception of the EGSs. It competes with the point estimate matrix samplers and may even be

preferred over EBGS and MGSs at higher dimensions, especially over MGSs when it comes to numerical

stability. However, its curve is significantly lower than that of EGSs at the conditions specified in Fig. 3.

Figure 4 lays out a close up of the MSE and FS convergence of each sampler for a system of dimension

dy = 10, with prior variance σ2
c = 0.1, and data size T = 100. As before, the convergence rate for the

two EGSs as well as the two MGSs is comparable, respectively. The MGS set converges slightly faster

than the EGS set. So it is better to use an MGS over an EGS in the case where dy < 15. It is worth

pointing out that the MGSs have worse MSE than the EGSs even for dy < 15. Potentially, this could be a

consequence of numerical instability in the implementation. Overall, the EBGSr stands out with the slowest

MSE convergence among the rest of the samplers. It is apparent that even though its MSE convergence

slowly improves with iterations, its FS convergence fixates quickly, suggesting once again that the topology
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Figure 5: Performance of samplers with number of observations. Conditions: dy = 10, σ2
c = 0.1.

samples were more or less unaffected by the network samples. Additionally, note that randomization of the

order of sampling at each iteration was tested for the EGSs and EBGSs for increasing dimensions of state,

as well as convergence rate. The results obtained were essentially the same as those from ordered sampling

presented in Fig. 3 and Fig. 4, and for that reason were not included in the paper.

In Fig 5, we look at the performance as a function of the data size. In particular, we ran the methods

for T ∈ {50, 100, 150, 200, 250, 300, 350, 400, 450, 500} observations, fixing dy = 10 and σ2
c = 0.1. The

relative expected accuracy of each of the GSs can be beneficial in a real world problem where the number

of observations are limited. Generally, the FS estimation of the EGS and MGS sets is comparable even

with data size. However, a bigger discrepancy is apparent in the MSE estimation, with superiority of the

EGS set. The FS of the EBGSr seems unaffected by data size. This is, once again, a consequence of the

data cancellation when computing α̃−jk. LASSO’s performance also improves with data size and its FS is

comparable to that of the MAP MGS and EBGS but considerably outperformed by the EGSs and MGSs.

Interestingly though, its MSE performance is one of the best and fluctuates close with that of the EGSs.

This can be explained by LASSO’s property to shrink too many parameters to 0. Many of the elements in

C may be close to 0 (but not 0) and be estimated as 0’s. In the topology A, however, this estimation would

result in a missed edge.

In Fig. 6 we compare the samplers’ performances with informative and non-informative priors, i.e.,
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Figure 6: Performance of samplers with varying prior variance. Conditions: T = 100, dy = 10.

σ2
c ∈ {0.001, 0.01, 0.1, 1, 10, 100}, fixing to T = 100 number of observations, and testing only for dimension

dy = 10. The performances of the EGSs and MGSs considerably degrade with less informative priors. The

EGS seems to be slightly more robust than the MGS, but eventually the two curves meet for higher variances.

The MAP MGS as well as the EBGS seem to be less affected by the choice of prior, indicating their inference

is more heavily based on the data. The point estimate EGSs significantly degrade with less informative

priors, especially since both algorithms are initialized using the prior. Note that the ML EGS is included in

this plot because its initialization uses the prior (see Algorithm 9), but the estimation itself is independent of

the prior. The ML MGS however, is completely independent of the prior and its performance is a fixed value

(FS: 0.6487 and log(MSE): −4.8409), for the conditions specified above. Theoretically, LASSO’s Bayesian

interpretation allows its performance to be tested for different priors as described in Section 4 .11. However,

the choices of prior in this case are too restricted and shrink all the parameters to 0 except for a prior with

variance σ2
c = 100 (FS: 0.6436 and log(MSE): −4.2267) or higher. For these reasons, the results from the

ML MGS and LASSO are not included in Fig. 6. As before, the FS of the EBGSr leaves an inconsistent

pattern. The relationships obtained between performance and dimension size, data size, prior variance,

and convergence rate in the Figs. 3 - 6 set forth the EGSs and MGSs as the most promising samplers

to use. If the posterior distributions of the unknowns are intractable and do not permit the use of these

GSs, then the EBGS, MAP MGS and/or even the ML MGS can serve as alternative approaches. However,
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the implementation of the EBGSr is not recommended for topology estimation due to its inconsistency and

generally weak performance. The use of the point estimate EGSs is also not recommended as they require

good initialization, and do not perform well for higher dimensions.

5 .2 Computational Complexity

The computational complexity for each of the samplers is summarized in Table 1. All of the samplers

except the EBGSr sample A in the same manner, which happens to be the dominating operation in terms

of computational cost. While the EBGSr holds the lowest complexity, it substantially lacks in performance.

LASSO’s complexity is lower than the rest of the samplers, and its use would be preferred over the ML

MGS, and the EBGSr. However, LASSO’s performance is comparable to that of the MAP MGS, and one is

faced with the typical trade-off between cost and performance when choosing between the two, especially for

higher dimensions. Ideally, the best choice would be the EGS or EGSr as they perform consistently better

than the rest, while sharing the same computational cost. When edge detection is not the main concern in

a given problem, then LASSO would suffice for data fitting and prediction.

Table 1 Computational complexity of each algorithm.

EGS O(d4yT + d3yT
2) MGS O(d4yT + d3yT

2) EBGS O(d4yT + d3yT
2) MAP EGS O(d4yT + d3yT

2)
EGSr O(d4yT + d3yT

2) MGSr O(d4yT + d3yT
2) EBGSr O(d3yT ) ML EGS O(d4yT + d3yT

2)
MAPMGS O(d4yT + d3yT

2) ML MGS O(d4yT + d3yT
2) LASSO O(d3y + d2yT )

5 .3 Application: Financial Network

A market index is a statistical measure that quantifies the stock market and provides a means of monitoring

market performance [46]. The dynamics of major stock indices are rich in information related to the global

economy and the overall relationships of the market economies across countries. Extracting such information

benefits many financial practices such as portfolio optimization, risk management, trading, and understand-

ing market crisis [47, 48]. In this paper, we considered the daily prices of 27 major market indices in 30

days over the last month of 2020, i.e., a time-series data of dy = 27 and T = 30. The data was obtained

from [49] and the chosen major market indices were: SMI, TWII, KS11, NZX50, AORD, SSE, HSI, NYSE,

JSEC, BIST100, OMXC20, ATX, IBEX, BEL20, GDAXI, AEX, CAC40, MERV, TSX, BVSP, IXIC, GSPC,

DJI, ATHEX, MXX, FTSEMIB, N225. The financial network to be inferred represents the price correlation
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Figure 7: Markov chains of selected coefficient (purple) and topology (black) elements.

matrix, and its topology indicates the influences these global market indices send out and receive from the

other global market indices in the network. In other words, the market indices serve as nodes in the network,

and the edges capture their interactions. While more data is available, the GSs constructed do not account

for a varying network topology, which is expected over longer periods of time. With such a small collection

of data, the topology changes (if any) are expected to be minor.

The EGS, the most promising sampler, was used for inference. Since pricing data was used, standardizing

the data was necessary to reduce multicollinearity. To check the convergence of the sampler, Markov chains

of randomly selected coefficients were plotted in Fig. 7. The chains such as that of C17,7 in Fig. 7 were

created from continuous sampling from the priors of Ajk and C̃jk, indicating that C17,7 was most likely 0.

And in fact, the final estimate Ĉ17,7 from the sampler was found to be 0. Further, we ran posterior predictive

checks to examine the validity of the model and its predictions. This was done by obtaining the predictive

posterior distribution as

p(ȳ1:T+τ |y1:T ) =

∫
p(ȳ1:T+τ |C̃,A)p(C̃,A|y1:T )dC̃dA (30)

where ȳ1:T+τ was new simulated data, and τ ≥ 0. To simulate new data ȳ1:T+τ from p(ȳ1:T+τ |y1:T ), we

used an MC approximation to the integral in (30), i.e.

p̂(ȳ1:T+τ |y1:T ) =
1

M

M∑
m=1

p(ȳ1:T+τ |C̃(m),A(m)) (31)
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with [C̃(m),A(m)]> ∼ p(C̃,A|y1:T ), for m = 1, . . . ,M . Essentially, we first drew M network and topology

samples, which practically are obtained from the GS used once convergence is reached. Then, using these

samples, M data points were simulated via the likelihood as ȳ
(m)
1:T+τ ∼ p(ȳ1:T+τ |C̃(m),A(m)), for m =

1, . . . ,M . The data simulated for τ = 0 was used to determine the goodness of fit of the model by plotting it

against the observed data and discerning the discrepancies. Data simulated for τ ≥ 1 was used to evaluate

the model’s predictive ability, by plotting the new simulated data against data unseen by the model (i.e.,

not used for inference). In both cases, the starting point was taken to be the observed data point (i.e.,

ȳ1 = y1 and ȳT+1 = yT+1). The model fitting (τ = 0) and prediction (τ = 20) for M = 200 are shown using

the trajectory of a randomly selected market index plotted in Fig. 8 a). For such data, it is generally not

recommended to use a value of τ that large as the topology may have changed, however, the predictions in

this case proved satisfactory. Histograms describing the predictive posterior distributions of a few randomly

selected stock indices at given time-points are also presented in Fig. 8 b). The uncertainty in the predictive

posteriors can be reduced by approximating with a larger number of samples M .

LASSO with 10 - fold cross-validation was also implemented for fitting and prediction of the financial

system, and plotted against the real data, as well as against the EGS fitting and prediction. Figure 8 shows

that both LASSO and EGS give reasonable fitting and predictions, with LASSO overshooting by a small
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amount. This agrees with the results in Fig. 3 a) and Fig. 5 a). However, a higher discrepancy in performance

can be seen when comparing estimated links with LASSO finding 67% of the connections to be absent (i.e. 0’s

in C), and the EGS only 33%. This example demonstrates the tendency of LASSO to overselect coefficients

(shrink a large number of parameters to 0). The difference in estimated edges becomes even more prominent

in cases where the presence and absence of edges requires accurate and physical interpretation.

6 Conclusion

In this paper, we introduce novel strategies inspired by Gibbs sampling for estimation of network coefficients

and topology in a first-order vector autoregressive model. The samplers differed in their sampling strategies

(marginal vs blocked (and conditional)) and their scanning order (by element vs by matrix and their reversed

orders). The contribution of this effort is in the construction and implementation of the new samplers,

as well as in elucidating advantages and concerns related to their performances. The differences in their

performances were highlighted using synthetic data through plots illustrating the effects of dimension size,

data size, choice of prior variance, and convergence rate. The results manifest clear relationships between

the above mentioned parameters and performances using different sampling strategies and scanning order

for network coefficients and topology estimation. The best performing sampler was applied to data of stock

market indices to infer a financial network (price correlation matrix) and its topology, capturing the direction

and amount of influence between stock markets. Posterior predictive checks demonstrated the validity of the

model fitting and predictions. The popular LASSO was implemented on both the synthetic and real data

as a reference base for assessing the samplers’ performances. The discussions provided in this paper can aid

experts and practitioners in decision making for research and applications in network topology estimations

using Gibbs samplers.
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Appendix

This appendix gives the detailed derivations of the conditional posterior distributions for each of the un-

knowns used in the samplers i.e., C̃, C̃jk,A, Ajk under different conditions. Additionally, the posterior

distributions of C and Cjk are also included.

A POSTERIORS OF C

A .1 Matrix Normal Posterior of C

General Using Bayes theorem, the posterior distribution of C can be expressed as

p(C|y1:T ) ∝ p(y1:T |C)p(C)

= p(yt|C,yT−1)p(y1:T−1|C)p(C)

∝ p(C)

T∏
t=2

p(yT |C,yT−1)

(A1.1)

Prior p(C) We assume that

Cjk ∼ N (0, σ2
c ), j = 1, . . . , dy, k = 1, . . . , dy. (A1.2)

If we vectorize C as c = vec(C), i.e., stack each element Cjk in a row vector c, we can rewrite the prior as

p(c) = N (0d2y , σ
2
c Id2y ). Further we can take the matrix normal form of the prior as

C ∼MN (C|M0,U0,V0) with M0 = 0dy×dy U0 = σ2
c Idy V0 = Idy .

Product of Likelihoods The product term in (A1.1) can be expressed as

T∏
t=2

p(yt|C,yt−1) =

T∏
t=2

N (Cyt−1, σ
2Idy )

∝
T∏
t=2

exp

(
− 1

2σ2
(yt −Cyt−1)>(yt −Cyt−1)

)

=

T∏
t=2

exp

(
− 1

2σ2
(y>t yt − 2y>t Cyt−1 + y>t−1C

>Cyt−1)

)

∝
T∏
t=2

exp

(
− 1

2σ2
tr
[
y>t−1C

>Cyt−1 − 2y>t Cyt−1
])
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Using the cyclic shifting property of traces, we write
T∏
t=2

exp

(
− 1

2σ2
tr
[
y>t−1C

>Cyt−1 − 2y>t Cyt−1
])

= exp

(
− 1

2σ2

T∑
t=2

tr
[
C>yt−1y

>
t−1C− 2C>yty

>
t−1
])

= exp

(
− 1

2σ2
tr

[
C>

T∑
t=2

yt−1y
>
t−1C− 2C>

T∑
t=2

yty
>
t−1

])

= exp

(
−1

2
tr
[
V−1(C−M)>U−1(C−M)

])
∝MN (C|M,U,V)

(A1.3)

with M = 1
σ2 U

∑T
t=2 yty

>
t−1 U = σ2(

∑T
t=2 yt−1y

>
t−1)−1 V = Idy .

Matrix Normal Posterior Combining the prior with the product of likelihoods, we get

p(C|y1:T ) ∝ p(C)p(y1:T |C)

∝MN (C|M0,U0,V0) · MN (C|M,U,V)

∝ exp
(
−1

2
tr
[
V−1(C−M)>U−1(C−M) + V−10 (C−M0)>U−10 (C−M0)

])
∝ exp

(
−1

2
tr
[
C>U−1C− 2C>U−1M + C>U−10 C

])
= exp

(
−1

2
tr
[
C>(U−1 + U−10 )C− 2C>U−1M

])
= exp

(
−1

2
tr
[
C>(U−1 + U−10 )C− 2C(U−1 + U−10 )(U−1 + U−10 )−1U−1M

])
= exp

(
−1

2
tr
[
C>U−1postC− 2CU−1postMpost

])
∝MN (C|Mpost,Upost,Vpost)

(A1.4)

with Mpost = UpostU
−1M Upost = (U−1 + U−10 )−1 Vpost = Idy .

Vector form of Posterior Let c = vec(C). We can now write

p(c|y1:T ) = p(vec(C)|y1:T ) ∝ N (µpost,Σpost) (A1.5)

with µvec = vec(Mpost) Σvec = Upost ⊗Vpost.
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A .2 Element Posterior of Cjk

p(Cjk|y1:T ,C−jk) ∝ p(Cjk) ·
T∏
t=2

p(yt|yt−1, Cjk,C−jk) (A2.1)

Prior p(Cjk) As in Section A .1 we take the prior as

Cjk ∼ N (0, σ2
c ), j = 1, . . . , dy, k = 1, . . . , dy.

Product of Likelihoods

T∏
t=2

p(yt|yt−1, Cjk, C−jk) ∝
T∏
t=2

exp

(
1

2σ2
(yt −Cyt−1)>(yt −Cyt−1)

)

∝
T∏
t=2

exp

(
− 1

2σ2
[y>t−1C

>Cyt−1 − 2y>t−1C
>yt]

)

=

T∏
t=2

exp

− 1

2σ2

 dy∑
n=1

(

dy∑
m=1

Cnmym,t−1)2 − 2

dy∑
n=1

ynt

dy∑
m=1

Cnmym,t−1


∝ exp

− 1

2σ2

T∑
t=2

(Cjkyk,t−1)2 + 2Cjkyk,t−1

dy∑
m=1
m 6=k

Cjmyj,t−1 − 2Cjkyjtyk,t−1




∝ exp

− 1

2σ2

T∑
t=2

(Cjkyk,t−1)2 − 2Cjk(yjtyk,t−1 − yk,t−1
dy∑
m=1
m6=k

Cjmyj,t−1)




= exp

− 1

2σ2

Cjk2 T∑
t=2

y2k,t−1 − 2Cjk

T∑
t=2

(yjtyk,t−1 − yk,t−1
dy∑
m=1
m 6=k

Cjmyj,t−1)




= exp

− 1

2σ2
(
T∑
t=2

y2k,t−1)

Cjk2 − 2Cjk

∑T
t=2(yjtyk,t−1 − yk,t−1

∑dy
m=1
m 6=k

Cjmyj,t−1)∑T
t=2 y

2
k,t−1




= exp

(
− 1

2σ2
jk

[
Cjk

2 − 2Cjkµjk
])

∝ N (Cjk|µjk, σ2
jk)

(A2.3)

with

µjk =
σ2
jk

σ2

 T∑
t=2

yj,tyk,t−1 −
T∑
t=2

yk,t−1(

dy∑
m=1
m 6=k

Cjmym,t−1)

 , σ2
jk =

σ2∑T
t=2 y

2
t−1,k

. (A2.4)
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Normal Posterior Combining the prior and the likelihood, we get

p(Cjk|y1:T ,C−jk) ∝ N (0, σ2
c )N (µjk, σ

2
jk)

∝ N (Cjk|µpost, σ2
post)

(A2.5)

with

µpost =
σ2
post

σ2
jk

µjk, σ2
post =

σ2
jkσ

2
c

σ2
jk + σ2

c

. (A2.6)

B POSTERIORS OF C̃

B .1 Matrix Normal Posterior of C̃

Let c = vec(C) = vec(A ◦ C̃), c̃ = vec(C̃), a = vec(A), and Da be a diagonal matrix whose diagonal entries

are the elements in a. Additioanlly, let µ = vec(M), and Σ = U⊗V given in (A1.3). We then write

p(y1:T |c) ∝ exp
(
−1

2
(c>Σ−1c− 2c>Σ−1µ)

)
= exp

(
−1

2
(c̃>DaΣ−1Dac̃− 2c̃>DaΣ−1µ)

) (B1.1)

where we use the property

c> = [c11, c12, . . . , c1dy , c21, c22, . . . , cdydy ]

= [a11c̃11, a12c̃12, . . . , a1dy c̃1dy , a21c̃21, a22c̃22, . . . , adydy c̃dydy ]

= c̃>Da

(B1.2)
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We take the prior of C̃jk to be the same as that of Cjk. Combining, we get

p(c̃)p(y1:T |c) ∝ N (c̃|0, σ2
c Idy2)N (c̃|µ,Σ)

∝ exp
(
− 1

2σ2
c

c>c

)
exp

(
−1

2
(c>Σ−1c− 2c>Σ−1µ)

)
∝ exp

(
−1

2
(c̃>(DaΣ−1Da +

1

σ2
c

)c̃− 2c̃>DaΣ−1µ)

)
= exp

(
−1

2
(c̃>Σ−1vecc̃− 2c̃>Σ̃

−1
vecµ̃vec)

)
∝ N (c̃|µ̃vec, Σ̃vec)

(B1.3)

with

µ̃vec = Σ̃vecΣ
−1µ µ = vec(M) M = (

T∑
t=2

yty
>
t−1)U

Σ̃vec = (DaΣ−1Da +
1

σ2
c

I)−1 Σ = U⊗ Idy U = σ2(

T∑
t=2

yt−1y
>
t−1)−1.

(B1.4)

B .2 Posterior of C̃jk given Ajk

The posterior of C̃jk assuming we know Ajk is

p(C̃jk|C̃−jk,A,y1:T ) ∝ p(C̃jk)p(y1)

T∏
t=2

p(yt|yt−1,A, C̃)

∝ N (C̃jk|0, σ2
c )

T∏
t=2

N (yt|Cyt−1, σ
2Idy )

(B2.1)
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Product of likelihoods

We rewrite the product of likelihoods as

T∏
t=2

N (yt|Cyt−1, σ
2Idy )

=

T∏
t=2

exp

(
− 1

2σ2
(yt −Cyt−1)>(yt −Cyt−1)

)

= exp

(
− 1

2σ2

T∑
t=2

(yt −Cyt−1)>(yt −Cyt−1)

)

= exp

(
− 1

2σ2

T∑
t=2

(−2y>t−1C
>yt + y>t−1C

>Cyt−1)

)

= exp

− 1

2σ2

T∑
t=2

 dy∑
n=1

(

dy∑
m=1

Cnmym,t−1)2 − 2

dy∑
n=1

(ynt

dy∑
m=1

Cnmym,t−1)

 .

(B2.2)

We now separate the terms that include Cjk from those that don’t. The first term can be expanded to:

dy∑
n=1

(

dy∑
m=1

Cnmym,t−1)2 = (Cjkyk,t−1)2 + 2Cjkyk,t−1

dy∑
m=1
m 6=k

Cnmym,t−1 + L−jk

and the second term to:

2

dy∑
n=1

(ynt

dy∑
m=1

Cnmym,t−1) = 2Cjkyjtyk,t−1 + L′−jk

where L−jk and L′−jk are the terms that do not involve C̃jk and Ajk in the first and second term, respectively.

From here, we continue to write

T∏
t=2

N (yt|Cyt−1, σ
2Idy )

= exp

− 1

2σ2

T∑
t=2

(Cjkyk,t−1)2 + 2Cjkyk,t−1(

dy∑
m=1
m6=k

Cjmym,t−1)− 2yjtCjkyk,t−1)




= exp

− 1

2σ2

T∑
t=2

Cjk2y2k,t−1 − 2Cjk(yjtyk,t−1 − yk,t−1
dy∑
m=1
m6=k

Cjmym,t−1)




= exp

− 1

2σ2

Cjk2 T∑
t=2

y2k,t−1 − 2Cjk

T∑
t=2

(yjtyk,t−1 − yk,t−1
dy∑
m=1
m6=k

Cjmym,t−1)


 .

(B2.3)
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Combine with prior

p(C̃jk)

T∏
t=2

p(yt|Cyt−1, σ
2)

∝ exp
(
− 1

2σ2
c

C̃2
jk

)
exp

− 1

2σ2

C̃2
jkAjk

2
T∑
t=2

y2k,t−1 − 2C̃jkAjk

T∑
t=2

(yjtyk,t−1 − yk,t−1
dy∑
m=1
m 6=k

Cjmym,t−1)




= exp

−1

2

C̃2
jk(

Ajk
2∑T

t=2 y
2
k,t−1

σ2
+

1

σ2
c

)− 2C̃jk

Ajk
∑T
t=2(yjtyk,t−1 − yk,t−1

∑dy
m=1
m 6=k

Cjmym,t−1)

σ2




= exp

−1

2
(
Ajk

2∑T
t=2 y

2
k,t−1

σ2
+

1

σ2
c

)

C̃2
jk − 2C̃jk

Ajk
∑T
t=2(yjtyk,t−1 − yk,t−1

∑dy
m=1
m 6=k

Cjmym,t−1)

σ2(
Ajk

2
∑T

t=2 y
2
k,t−1

σ2 + 1
σ2
c
)




= exp

(
− 1

2σ2
jk

[
C̃2
jk − 2C̃jkµjk

])

∝ N (C̃jk|µ̃jk, σ̃2
jk),

(B2.4)

where we define

µ̃jk =
σ̃2
jk

σ2
Ajk

T∑
t=2

(yjtyk,t−1 − yk,t−1
dy∑
m=1
m 6=k

AjmC̃jmym,t−1), σ̃2
jk =

σ2
cσ

2

Ajk
2σ2
c

∑T
t=2 y

2
k,t−1 + σ2

. (B2.5)

B .3 Posterior of C̃jk NOT given Ajk

To obtain the posterior of C̃jk without the knowledge of Ajk, we must marginalize by summing out all the

possibilities for Ajk as

p(C̃jk|C̃−jk,A−jk,y1:T ) =

1∑
Ajk=0

p(Ajk)p(C̃jk|Ajk, C̃−jkA−jk,y1:T )

= p(Ajk = 0)p(C̃jk|Ajk = 0, C̃−jkA−jk,y1:T ) + p(Ajk = 1)p(C̃jk|Ajk = 1, C̃−jkA−jk,y1:T )

= (1− ρ)N (C̃jk|µ0, σ
2
0) + ρN (C̃jk|µ1, σ

2
1).

(B3.1)

36



The result is a mixture Gaussian with

µ0 = µ̃jk(Ajk = 0) = 0, σ2
0 = σ̃2

jk(Ajk = 0) = σ2
c ,

µ1 = µ̃jk(Ajk = 1), σ2
1 = σ̃2

jk(Ajk = 1)

(B3.2)

and µ̃jk(Ajk) and σ̃2
jk(Ajk) are given in (B2.5) .

C POSTERIORS OF Ajk

C .1 Posterior of Ajk given C̃jk

The posterior distribution of Ajk can be written as

p(Ajk|C̃,A−jk,y1:T ) ∝ p(Ajk)p(A−jk)p(C̃)p(y1:T |Ajk,A−jk, C̃)

∝ p(Ajk)

T∏
t=2

p(yt|yt−1, Ajk,A−jk, C̃).

(C1.1)

We assume that C̃ and Ajk, for j = 1, . . . , dy, for k = 1, . . . , dy, are independent in their priors. We take

the prior of Ajk to be Bernoulli(ρ). Now we define

α+
jk = p(Ajk = 1)

T∏
t=2

p(yt|yt−1, Ajk = 1,A−jk, C̃)

α−jk = p(Ajk = 0)

T∏
t=2

p(yt|yt−1, Ajk = 0,A−jk, C̃).

(C1.2)

to be the unnormalized probabilities that Ajk = 1 and Ajk = 0, respectively. From here, the conditional

posterior probability that Ajk = 1 is

αjk =
α+
jk

α+
jk + α−jk

. (C1.3)
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C .2 Posterior of Ajk NOT given C̃jk

To obtain the posterior distribution of Ajk without the knowledge of C̃jk, we must integrate out the space

of C̃jk. We write the posterior as

p(Ajk|A−jk, C̃−jk,y1:T ) ∝ p(y1:T |Ajk,A−jk, C̃jk)p(Ajk|A−jk, C̃−jk)

∝ p(Ajk)

∫
p(C̃jk|Ajk,A−jk, C̃−jk)p(y1:T |Ajk,A−jk, C̃−jk, C̃jk)dC̃jk

∝ p(Ajk)

∫
p(C̃jk)p(y1)

T∏
t=2

p(yt|yt−1,A, C̃)dC̃jk

∝ Bernoulli(ρ)

∫
N (C̃jk|0, σ2

c )

T∏
t=2

N (yt|Cyt−1, σ
2Idy )dC̃jk.

(C2.1)

C .2.1 Solving Integral

We know that from (B2.4)

∫
N (C̃jk|0, σ2

c )

T∏
t=2

N (yt|Cyt−1, σ
2Idy )dC̃jk

∝
∫
exp

(
− 1

2σ2
jk

(C̃2
jk − 2C̃jkµ̃jk)

)
dC̃jk

=

∫
exp

(
− 1

2σ̃2
jk

(C̃2
jk − 2C̃jkµ̃jk + µ̃2

jk − µ̃2
jk)

)
dC̃jk

= exp

(
− 1

2σ̃2
jk

(−µ̃2
jk)

)∫
exp

(
− 1

2σ̃2
jk

(C̃2
jk − 2C̃jkµ̃jk + µ̃2

jk)

)
dC̃jk

= exp

(
− 1

2σ̃2
jk

(−µ̃2
jk)

)
(2πσ̃2

jk)
1
2

(C2.2)

Now, going back to (C2.1), we write

p(Ajk|A−jk, C̃−jk,y1:T ) ∝ Bernoulli(ρ)

∫
N (C̃jk|0, σ2

c )

T∏
t=2

N (yt|Cyt−1, σ
2Idy )dC̃jk

= ρAjk(1− ρ)1−Ajk(2πσ̃2
jk)

1
2 exp

(
µ̃2
jk

2σ̃2
jk

)
.

(C2.3)
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The unnormalized probabilities that Ajk = 0 and Ajk = 1, respectively, are

α̃+
jk = p(Ajk = 1|A−jk, C̃−jk,y1:T ) = ρ(2πσ̃2

1)
1
2 exp

(
µ̃2
1

2σ̃2
1

)
α̃−jk = p(Ajk = 0|A−jk, C̃−jk,y1:T ) = (1− ρ)(2πσ̃2

c )
1
2

(C2.4)

Finally, the conditional probability that Ajk = 1 is

α̃jk =
α̃+
jk

α̃+
jk + α̃−jk

. (C2.5)
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