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Properties of MLE

where is theparthmeter

Theorem

Let Q be the MLE for a random

sample of size n Xi Xn from a

parametric population p x Then



0 24 Xn IMPG 0

H

elo X X logplaci

divide H

enlo Illo x xn 1g plki o

l E

win Int IE log pox 01

avggmaxen.co argmax go

Now we must prove that is the maximizer

of 110



Into eco

n argymaxen.co argoma eco

eco 110 1 IE logplx D IE logplx 0 7

flogpix o plxitx ldx flogp Fd.gg

fpa o lgfE 18

x5o

pin 1 ax

Lee feet
O D 1101 110 7 0

1101 110 7



This means arg max o
0

Thus In
Asymptotic Distribution of MLE
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Definition Fisher Information

The Fisher information of a random variable

X with distribution p x O is defined as

I I E f dfÉfff
g

and if the second derivative of log plz 0 exists
we can also write
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Theorem Asymptotic Distribution of MLE
Let n

be the MLE Then
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will prove later

Invariance Property of MLE
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Theorem Invariance Property of MLE

Let n
be the MLE Consider the estimator

T En where T is any function Then

In is the maximum likelihood estimator of TO

Induced likelihood function
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We want to show that the MLE of α under

x X Xn is exactly n
T n

x Xn max
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Example Estimate the power of a noisy signal
in dB



Consider imithite noise model

Xi N 0 r

It is known that IE X 02 is

a measure of the power of the signal Find
the MLE of the power in dB where
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By the invariance property of MLE we have
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Consider the example
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A function f IR IR is convex if for
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Why is it important

Foptimada convex function is the global

one

arffin f o is the global
optime always
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0 is convex

theorem Convexity

Let f be a twice differentiable scalar input
scalar valued function Then f is convex it
and only if
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the input is a vector of size D
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TETI be a vector input scalar valued function
that is twice differentiable We say that f



is convex if and only if
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Definition Canonical Exponential Families

A probability distribution
p x 0 belongs to the

exponential family of probability distributions

if the pdp can be expressed as
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where h M T and A are known functions with
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We say that plic D is a canonicalexponential



family member it 410 0

It turns out that logplx D is concave

if plx D belongs to the canonical exponential

family
Gaussian
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Gamma
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we start off with a guess to and update
our guess iteratively as
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If there are constraints we can apply a projection

to the update For example if 0 we

can update as follows
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called
the projection operator


