
 

Gaussian Random Variables
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complementary CDF survival function
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What is the CDF of a non central
Gaussian
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Iz standardization
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Chi squaredRandom Variables
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where X are i i d standard normal
random variables
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Detection theory
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Vodel

Hypothesis testing

Ideal Given observed data we want to decide

if a signal is present or not



We phrase this using a binary hypothesis
test
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Ex Detection of Aircraft in raidar
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Ho No aircraft µ 0

71 There is an aircraft µ 0

x ̅ SEXe is an informative

statistic for this problem
We can naively decide if an aircraft

is present by checking if



Thresholding
the statistic

if r is large we may never

reject the null E m detection

if 8 is too small we may think

the aircraft is almost always present

HPE false alarm

Suppose in general we decide He if

T z where TC is a statistic surpasses

some threshold 8

Let p T 2 Ho be the distribution of

our statistic under the null hypothesis

Let plT I 71 be the distribution of

our statistic under the alternative

hypothesis
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Hypothesis test is just an optimization problem
want to find a statistic and threshold

such that I maximize P subject to

PFA α

A detector is function defined as follows

S x Reject null

Retain null
tfff.cm

NeymanPearsonT To maximize Pp for a given

PFA α decide 71 if
likely

where the
thth fold

from

PFA PK Ho dx α



This lemma is anagously referred to as the

likelihood ratio test

LETHING If a sufficient statistic for

a random sample exists the likelihood ratio will

be a function of the sufficient statistic
unknown

Example X it N µ v2
known

x ̅ X is a sufficient

statistic

Proof We define the Lagrangian
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Spla Hi Xp x Ho dx α

RITE
the integrand
is positive

plic H Xp x Ho 0

a i
The Lagrange multiplier can tell us what the
threshold should be can be found directly

by solving the constraint

Leggy
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We want to consider the following detection

problem

Ho X N 0 02 Eb in

H1 Xi N
µ 52 it in

Assume µ and 52 are known quantities

To characterize the detector we should compute
the likelihood ratio
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Take the logarithm of both sides

I aim to x 182
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Suppose I want to set PFA α

our detector

x ̅ 8

x ̅ N n F
likelihood of our test
statistic under thenull

Ppp Fits at

region R where we reject null

TCE x ̅ Xi Xi
d NO 8

x ̅ Ho N 0 E
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EL 2 3.3 in Detection Book
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5,2 To both known

a

t.EE i iiEiIA



IEEE
exp

log a 10910.2

28

Ex 28 thlog 0,2
n 1091502

Y 844 nto

to 8

i



N 0 T2 under null

in N 0 T1 under alternative
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Bayesianapproachf
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Bayes Risk The Bayes risk R is

defined as

R IE Cost Ci P Hi Hj PIH

cost matrix e L
The detector that minimizes the Bayes risk
is to decide H1 if

a in



The reason the Bayes risk perspective is

nice is because it is easily extendable to multiple

hypothesis testing

M 1 M 1
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Speciale I a all it

Then

R IP Hi Hi PLH

what is the decision rule

For each possible decision choose Hk
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Decision rule is to choose the Hk such
that CR is minimized


